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1 Pure Mathematics 1 (for Paper 1)

1.1 Quadratics
Candidates should be able to:

e carry out the process of completing the square
for a quadratic polynomial ax’ + bx + ¢ and use
a completed square form

¢ find the discriminant of a quadratic polynomial
ax’ + bx + ¢ and use the discriminant

e solve quadratic equations, and quadratic
inequalities, in one unknown

e solve by substitution a pair of simultaneous
equations of which one is linear and cne is
quadratic

e recegnise and solve equations in x which are
quadratic in some function of x.

www.cambridgeinternational.org/alevel

Notes and examples

e.p. to locate the vertex of the graph of
y= ax® + bx + ¢ or to sketch the graph

e.g. to determine the number of real roots of the
equation ax’ + bx + ¢ = 0. Knowledge of the term
'repeated root' is included.

By factorising, completing the square and using the
formula.

egxty+ l=Oandx2+}F=25,
2x+ 3y =7 and 3x* =4 + 4xy.

egx' -5 +d4=0,6x+yx—1=0,

tan®x = 1 + tanx.

Back to contents page
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1 Pure Mathematics 1
1.2 Functions
Candidates should be able to:

s understand the terms function, domain,
range, one-one function, inverse function and
composition of functions

e identify the range of a given function in simple
cases, and find the compoasition of two given
functions

s determine whether or not a given function is
one-one, and find the inverse of a one-one
function in simple cases

» illustrate in graphical terms the relation between
a one-one function and its inverse

s understand and use the transformations of the
graph of y = f{x) given by
y=fx)+a,y="fx+a)
y=af(x), y=f{ax) and simple combinations of
these.

1.3 Coordinate geometry
Candidates should be able to:

» find the equation of a straight line given
sufficient information

» interpret and use any of the forms y = mx + ¢,
y—y,=mx —x,), ax + by + ¢ = 0in solving
problems

e understand that the equation
(x— .:1)2 +(v— J_'))2 = r” represents the circle
with centre (a, ) and radius r

s use algebraic methods to solve problems
involving lines and circles

e understand the relationship between a graph and
its associated algebraic equation, and use the
relationship between points of intersection of
graphs and solutions of equations.

Notes and examples

e.g. range of f:x— l; for x = land

rangeof g:x — X+ 1forxeR. Including the
condition that a composite function gf can only be
formed when the range of fis within the domain of g.

e.g. finding the inverse of

3
hixe (2x+3P -4 forx <-3.

Sketches should include an indication of the mirror
liney = x.

Including use of the terms ‘translation’, 'reflection’
and 'stretch’ in describing transformations. Questions
may involve algebraic or trigonometric functions, or
other graphs with given features.

Notes and examples
e.g. given two points, or one point and the gradient.

Including calculations of distances, gradients,
midpoints, points of intersection and use of the
relationship between the gradients of parallel and
perpendicular lines.

Including use of the expanded form
x4y 2g 2+ =0,

Including use of elementary geometrical properties of
circles, e.g. tangent perpendicular to radius, angle in a
sernicircle, symmetry.

Implicit differentiation is not included.
e.g. to determine the set of values of & for which the

line y =x + kintersects, touches or does not meet a
quadratic curve.



1 Pure Mathematics 1
1.4 Circular measure
Candidates should be able to:

s understand the definition of a radian, and use the
relationship between radians and degrees

» usethe formulae s =r@and 4 = %rzﬁ

in solving problems concerning the arc length
and sector area of a circle.

1.5 Trigonometry
Candidates should be able to:

e sketch and use graphs of the sine, cosine and
tangent functions (for angles of any size, and
using either degrees or radians)

e use the exact values of the sine, cosine and
tangent of 30°, 45°, 60°, and related angles

e use the notations sin_lx, cos lx, tan 'x to denote
the principal values of the inverse trigonometric
relations

SIng =tan® and

e use the identities =
cos@

sin“f + cos’@ = 1

o find all the solutions of simple trigonometrical
equations lying in a specified interval (general
forms of solution are not included).

1.6 Series
Candidates should be able to:

s use the expansion of (@ + )", where nisa
positive integer

e recognise arithmetic and geometric progressions

e use the formulae for the s#th term and for the
sum of the first n terms to solve problems
involving arithmetic or geometric progressions

o use the condition for the convergence of a
geometric progression, and the formula for
the sum to imfinity of a convergent geometric
progression.

Notes and examples

Including calculation of lengths and angles in
triangles and areas of triangles.

Notes and examples

Including e.g. y = 3sinx, ¥ = 1 —cos 2x,

y= tan(x + i'n:)

e.g. cos 158° =—:12—1.'r§, sin %n: = %

No specialised knowledge of these functions is
required, but understanding of them as examples of
inverse functions is expected.

e.g. in proving identities, simplifying expressions and
solving equations.

eg.solve 3sin2x+ 1 =0for—n < x < m,
3sin’0—5cos®— 1 = 0for 0° < 6 < 360°.

Notes and examples

n
Including the notations (r and n!

Knowledge of the greatest term and properties of the
coefficients are not required.

Including knowledge that numbers g, &, ¢ are 'in
arithmetic progression' if 2b = a + ¢ (or equivalent)
and are ‘in geometric progression’ if b’ = ac (or
equivalent).

Questions may involve mere than one progression.
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1.7 Differentiation
Candidates should be able to:

e understand the gradient of a curve at a point as
the limit of the gradients of a suitable sequence
of chords, and use the notations

d d’y
f'(x), £"(x), E}" and E:% for first and second

derivatives

» use the derivative of x" (for any rational n),
together with constant multiples, sums and
differences of functions, and of composite
functions using the chain rule

e apply differentiation to gradients, tangents and
normals, increasing and decreasing functions and
rates of change

* |ocate stationary points and determine their
nature, and use information about stationary
peints in sketching graphs.

1.8 Integration
Candidates should be able to:

e understand integration as the reverse process of
differentiation, and integrate (ax + b)" (for any
rational 7 except —1), together with constant
multiples, sums and differences

* solve problems involving the evaluation of a
constant of integration

» evaluate definite integrals

» use definite integration to find

— the area of a region bounded by a curve and
lines parallel to the axes, or between a curve
and a line or between two curves

— avolume of revolution about one of the axes.

Notes and examples

Only an informal understanding of the idea of a limit
is expected.

e.g. includes consideration of the gradient of the
chord joining the points with x coordinates 2 and

(2+ ) on the curve y = x”. Formal use of the general
method of differentiation from first principles is not
required.

d
e.g. find a‘;, given y=v2x’ +5 -

Including connected rates of change, e.g. given the
rate of increase of the radius of a circle, find the rate
of increase of the area for a specific value of one of
the variables.

Including use of the second derivative for identifying
maxima and minima; alternatives may be used in
questions where no method is specified.

Knowledge of points of inflexion is not included.

Notes and examples

eg J(Zx]—5x+ 1)dx J 1

e

e.g. to find the equation of the curve through (1, -2)

f h'hﬁ— 2x+1
or whic p +1.

Including simple cases of ‘improper’ integrals, such as

L oo
L x dxand L x Zdx.

A volume of revolution may involve a region not
bounded by the axis of rotation, e.g. the region
between y=9 —x and y = 5 rotated about the
Xx-axis.
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COORDINATE GEOMETRY

The study of points, straight lines and curves defined by algebraic expression is called coordinate geometry.

Distance between two points or length of line segment

If Alx,y:) and B (xpy,) are two points, then distance between A and B is
AB = '\/(xz —x1}2+(y2 _}’1)2

Midpoint of a line segment

(x +x o+
The coordinates of mid point of A (x4, yi) and B {x,, y>) are | - L 5 .. b4 2}"3 ]

The diagonals of rectangle, rhombus, square and parailelogram have common mid points. To find out coordinate
of fourth point of these shapes, when other three points are given, first supposed coordinate of unknow\jﬁl}goint (x,y),
| [

then put mid points of both diagram equal and find (x,y). @\_},
Gradient of straight line r’c;\,.w
@
Gradient is the measure of slope of line with respect to the positive x — axis. Q

o2

The tangent of the angle counted anti clock wise, which a line make with pos&@gybams is called gradient of line.
> 5

The increase in the y — coordinate divided by the increase in the x@o/ inate of two pints on the line is called

gradient usually it is denoted by ‘m’  m = Y27 Hh \@}

X, =% @
¥

Properties of gradient

1 A line parallel to x-axis has gradient 0.
2. A line parallel to y-axis has gradient undefined. (oo)
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e straight line) then thelr gradients are equal. '|

3. If points are collinear (lie on sam T
A, If two lines are parallel, then their gradlents are equal. To find gradient of parallel line, first make “y’ as a Subjeq

and then take co-efficient of x as a gradient. . 4 _
5. If two lines are perpendicular or normal, then product of their gradient i equai t.o -J.., i.e.mxmy=-1 A
6. \f gradient is +ive, then angle made by line with +lve x -axis I acute. If gradient is —IVE then angle of line with y.

axis is obtuse.

Equation of straight line

_  intercept (c) s Biven

1. Equation  of straight  line when its gradient (m) and ¥
y = mx+c, where X andy are the variables of the equation. . _ ’
2. Equation of straight line when its gradient (m) and a point (x1,y1) is given OR equation of line passing through

two points OR equation of tangent is y-y1 =M (X-X1).
To show that given straight line is tangent to the curve. First substitute equat

simplify it, then show that b2-4ac=0.

ion of line in equation of curve,

3. Equation of perpendicular or normal or perpendicular bisector is

1
y-ya= -— (x=x,).
m

In case of perpendicular bisector (X1, y1) = mid point.

use of graph to find unknown coordinates

L/

< To find Lfnkr?nown point in case of two intersecting lines, find their point of intersection of two lines by elimination or
by substitution method.
& To find point of intersection of a line and curve i i i
substitute value of any variable of linear equation in equati
curve and find x, y co-ordinate. ° L
< In quadrilateral if one diagonal is line of s i i i i
. ymmetry of given figure, then point of intersection of di i
mid point of other diagonal. ganaiiier

AREA OF POLYGONS

W O )

B(x,, J’z)

A(‘l-.‘h)
0_ - X

Given vertices A(r;, %), B(z3, y2) and C(x3, y3), the ares of 4ABC is

amange the 3 points %é

1 2 2 % clockw
_ M’a"'." 2l1;1-".?2 Y3 N lgi;‘;fi;nerﬂsm
, _ .-__El(xlyz+x2y,+:3yl)—,(:2y'l+xgy2 +:rly'3‘)] . w“hn.‘h_m.n Pk O

)

arrange [*1 *2 *8 1

yp.99 4] ™ 6ross patiem W74

T



Example |

The ends of a line segment are (p—q,p+q) and (p+4,p—q).Find the length ofthe
line segment, its gradient and the coordinates of its'mid-point.

For the length and gradient you have to calculate
x3- 5 =(p+a)-(p-a)= p+q-p+a=2q
and y,-y, =(p—q)-(p+g)=p-q-p-g9=-24.
The length is (%, - %)%+ (32 - %)? =/(20)*+(-29)° =44 +4q” =84".

}"2 yl. ﬁ="l
X,—x) 29

The gradient is —=—

For the mid-point you have to calculate ' -
xn+xn=(p-q)+(ptq)=p-q+ptq=2p
and y+y,=(p+q)+(p-g)=p+q+tp-q=2p

The mid-point is (}(x, +x;),3 (% + y2))= (:1, (2p).3(2p))=(P.p)- ‘

Example
Prove that the pomts A( 1), B(5,3), C(3,0) and D(-1,-2) form a parallelogram,

(using mld-pomts) In this mcthod begin by ﬁndmg the mid-points

of the diagonals AC and BD. If these points are the same, then the dlagonals bisect
each other, so the quadrilateral is a paraliciopramn.

"The mid-point of AC is( (1+3), ,2(1 + fJ‘l) which 1.>( ) The mid-point of BD is

(% (5 + (- l)),lz—(3 + (-—2))) , which is also [ ,2) SoABCDisa pa.rallcxogmn \_;\<\)
' Q
Example V

Find thc equation of the line joining the points (3,4) and (-1,2). & @

e
To find this equation, first find the gradient of the line g@g (3,4) to (-1,2).
Then you can use the equation y—y;, =m(x - x,). P&

2-4  _
The gradient of the line joining (3,4) to (- 1%1%—3 :2&-=.%
The equation of the line through (3,4) @gradmt Lis y-4=}(x~3). After
multiplying out and simplifying youg; .- 2y-8=x-3,0r 2y=x+35.

]




3.5 Points of intersection and circle properties

You know that the equation of a straight line is given by: y = mx +c,
where m is the gradient and c is the y-intercept. In Chapter 1 you learnt
that you can find the points of intersection of a line and a curve by
solving their equations simultaneously.

When a line touches a curve in exactly one place we call that line a
tangent to the curve.

This also means that there will only be one solution when solving
the equations simultaneously.

If you form a quadratic equation there ¥
will be only one (repeated) root,
ie. b>-4ac=0

—
o

__.-"/
=¥




Example 12
Find the centre and radius of the circle with equation x* + y* — 10x + 12y + 12 =0.

---------------------------------------------------------------------------------------------------------------

X—-10x+y*+12y+12=0 <+——— First rearawge the equation to this form.
(x=5)P-25+(y+6)2-36+12=0

(x—5)2+ (y+6)* =49
-‘q. -
Centre is (5, —6), radius = 7. ~—— Rearrange to this form.

\ a=5b=-6r=19

r— Complete the square for x and y.

Example 13
Find the equation of the circle with centre (4, —3) that passes through the point (-2, 5).

(x—-4)+(y+3)P=r «———— Write the equation of circle centre (4, —3).

-2-4P+ (5+3yP=r '
( Fe(5+3) T Substitute for x = -2 and y = 5.

36+64=1r°
r = 100 T Simplify
Equation of the circle is -
! T Workaut 72
(x—4)*+ (y+3)2 =100 :
~

Write down the equation of the circle.




3.4 Circles

If we take any point P(x, y) on the circumference of a circle, 4
centre O, we can work out the equation of the circle using — Pl y)
Pythagoras’ theorem.
¥
.
Zl »
o] x X

The equation of a circle, centre (0, 0), radius r, is given by x* + y* =r.

If we translate this circle by the vector [ g ), YA

we can get the equation of any circle, centre (a, b), radius r.

=
=¥

The equation of a circle, centre (a, b), radius r is given by

(x—a)l+(y—-b)l=r.

If we expand this equation, we get x* — 2ax+ a’+y° - 2by + B = .\ W0 \wien o cirda i given In
When this is simplified, we get the expanded form of the equation {5 expanded form, we can use
of a circle: the method of completing the
X+y—-2ax—-2by+c=0 wherec=a’+b*-r square 1o write the equation in the
form (x — @) + (y — b = r~.

The expanded form of the equation of a circle is given by
X+y+2gx+2fy+c=0,wherec=f+g - r.

Example 11
Find the equation of the circle with centre (-5, 7) and radius 6.

(x+5)+(y—7V =36 =——— Substitute into (x — aP + (y— b =2, wherea=-5,b=7and r = 6.




Example 14

Find the set of values of k for which the line x = y + 2 intersects the curve y = x* + 3x + k at two
distinct points.

They meet when x? + 3x + k =x - 2.

C+2x+(k+2)=0 < Rearrange as a quadratic equation.
There are two distinct roots when b? - 4ac > 0.
(2> -4(1)(k+2)>0 +——— g=1,b=2andc=k+2
-4k -4>0
—4k > 4 <——————— Use inequality signs throughout.
k<-1
Example 15

A line has equation y = 4k — x and a curve has equation y = 3x - kx?, where k is a constant.

a) Find the two values of k for which the line is a tangent to the curve.
b) Hence find the coordinates of the points where the line touches the curve.

a) 'The line and the curve meet when
4k — x=3x - kx? <————— Bath equal y.
2 -4x+4k=0
_‘_-‘_-_"‘-——_

The line is a tangent so there is one repeated root.
(—4)> - 4(k)(4k)=0

-

Rearrange in the form ax? + bx + c = 0.

T b2 —4ac=0

16 =16k Kk*=1
k=lork=-1
b) When k =1:
X-4dx+4=0 <t———————  Substitute in ka®*—4x + 4k =0.

(x=-2)(x-2)=0
x=2,y=4k-x=4-2=2

When k =-1:
- —4x-4=0
X+4x+4=0

(x+2)(x+2)=0
x=-2,y=4k-x=-4+2=-2
Line meets curve at (2, 2) and (-2, -2). = The question asked for coordinates.
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Example 18 A

The diagram shows a circle, centre C, with equation 121

(x = 7)* + (y - 6)* = 25. PQ is a diameter, where o S
Pis(3,9)and Qis (11, 3). R(12, 6) lies on the circle. 81

6 R
Show that the line perpendicular to QR and passing 4]
through R goes through P. 2] 0

---------------------------------------------------------------------------------------------------------------

QR has gradient 12_?1 = 3, so the gradient
of the perpendicular is —%. <+—— Gradients of perpendicular lines multiply to —1.
The equation of the perpendicular line through (12, 6) is given by
1
y—-6= —;(x —12) <«———— Subsitute the gradient and known point to get the equation of the line.
1
y=—3x +10 <—————— Rearrange to standard form.
1
Whenx=3,y= T3 x3+10=9 < Always finish the answer to a 'show that'
s0 P(3, 9) lies on the line. question with a statement.
Example 19

AB is the diameter of a circle, where A is (2, 6) and B is (8, 2).
The tangent to the circle at B meets the x-axis at P and the y-axis at Q. Find the coordinates of P and Q.

...............................................................................................................

A tangent is perpendicular to the diameter and we have 7
two points defining the diameter. 8-
6
ABha.sgradientﬂz—E,sothe 47
8-2 3 )]
gradient of the tangent at B is % u. ' >
-2
The equation of the perpendicular line through (8, 2) -4 1
is given by 6
8
1079
y—-2= %(x - 8). <—— Substitute the gradient and known point fo get the equation of the line.
3
> S 10 <————— Rearrange to standard form.

P Continued on the next page
Points of intersection and circle properties

3 20
When y=0,0= Ex -10=>x= Y <——— Substitute x = 0 and y = 0 to find coordinates of intercepts.

so Pis (E,O].
3

When x =0, y=-10so Qis (0, -10).




Exercise 3.5
1. Find the value of k for which the line y = 2kx + 7 is a tangent to the curve y = 3 + kx%.

2. A circle with centre C has equation x* + y* —6x+ 4y + 8 = 0.
a) Express the equation in the form (x — a)? + (y — b)* =12,
b) Find the coordinates of C and the radius of the circle.

3. Find the set of values of k for which the line y = kx — 4 intersects the
curve y = x* at two distinct points.

Coordinate geometry

4. Theline y =5 - kx, where k is an integer, is a tangent to the curve y = 2k - x%
a) Find the possible values of k.
When k = 2, the line y = 5 - kx is a tangent to the curve y = 2k - x* at point A.
b) Find the coordinates of A.

5. Determine the shortest distance from the point A(1, 3) to the circle with
equation x* + y? — 10x — 12y + 45=0.
6. A curve has equation y = 2x* + kx - 1 and a line has equation x + y + k = 0, where k is a constant.
a) State the value of k for which the line is a tangent to the curve.
b) For this value of k find the coordinates of the point where the line touches the curve.
7. The equation of a line is y = x - k, where k is a constant, and the
equation of a curve is x> + 2y = k.

a) When k = 1, the line intersects the curve at the points A and B.
Find the coordinates of A and the coordinates of B.

b) Find the value of k for which the line y = x - k is a tangent to the curve x> + 2y = k.

8. A circle with centre C has equation x* + y* — 8x — 6y - 20 = 0.

a) Find the coordinates of C and the radius of the circle.

b) A(10, 0) lies on the circle. Find the equation of the tangent to the circle at A.
9. Find the equation of the tangent to the circle x* + y* — 12x + 26 =0

at the point P(3, 1).

Give your answer in the form ax + by + ¢ = 0, where a, b and c are integers.

10. A line has equation y = 2kx — 9 and a curve has equation y = x* — kx,
where k is a constant.
a) Find the two values of k for which the line is a tangent to the curve.
b) For each value of k, find the coordinates of the point where

the line is a tangent to the curve, and find the equation of the line
that joins these two points.

12, P(2, 1) is a point on the circumference of the circle x* + y* — 10x + 2y + 13 = 0.
PQ is a diameter of the circle. Find the equation of the line through P and Q.

12. Show that the line with equation y = 2x — 3 cannot be a tangent to the
curve with equation y = x> - 3x + 5.

13. A line has equation y = 2kx - 7 and a curve has equation y = x* + kx - 3,
where k is a positive integer.
a) Find the value of k for which the line is a tangent to the curve.

b) For this value of k, find the coordinates of the point where the line touches the curve.



Exercise 3.5 page 65
1. k=-4
2. a) (x—3)+(y+2)°=5
b) Centre (3, —2), radius J5
k<-4, k>4
a) k=2ork=-10 b)
1
a) k=3 b)
a) (-3,-4)and (1,0) b)
a) C(4,3), radius 335 b)
3x—y—8=0
10. a) k=Zork=-2

b) (3,3)and(-3,3);y=3
11. 2x+3y-7=0
12. Proof

e 2N N e W
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A line through a vertex

Practice Questions

Exercise #1

vertex of a triangle to the mid-point of the opposite side is called a median,

A line joining 8 _
1,1), B0,3), C(4,7)-

Find the length of the median AM in the triangle A(-
A tiarigle has vertices A(-2,1), B(3,~4) aad C(5.7)-
(8) Find the coordinates of M, the mid-point of AB, and N, the mid-point of AC.

(b) Show that MN is parallel to BC.
The points A(2,1), B(2,7) and C(~4,-1) form a triangle. M is the
the mid-point of AC. .

(a) Find the lengths of MN and BC.

The vertices of a quadrilateral ABCD are A(1,1), B(7,3),€(9,~7) and D(-3,-3). The
points P, Q, R and S are the mid-points of AB, BC,CDand DA respectively.

(a) Find the gradient of each side of PORS.  (b) What type of quadrilateral is PORS?

mid-point of AB and N is

(b) Show that BC =2MN.

Find the equations of the lines joining the following pairs of poin.

(a) (1,4)and (3,10) () (4,5) and (=2,-7)
(c) (3,2)and (0,4) (d (3,7) and (3,12)
Find the equation of the line through (-2,1) parallelto y = 3x=3.

Find the equation of the line through (4,-3) parallel to y+2x=T1.

Find the equation of the line through (1,2) parallel tothe line joining (3,—1) and (-5,2).

Find the equation of the line through (3,9) parallel tothe Tine joining (-3,2) and (2,-3).

through (1,7) parallel to the x-axis.

Find the gqualion of the line
(~2,5) which is perpendicular to the line

Find the equation of the line through the point
y=3x+1.Find also the point of intersection of the two lines.

Find the equation of the line through the poiut (1,1) which is perpendicular to the line

2x~3y=12. Find also the point of intersection of ihe two lines.

ofa triauglé which is perpendicular to the opposite side is called an
altitude. Find the equation of the altitude through the vertex A of the triangle ABC where A

is the point (2,3),B1s (1,-7) and C i8 (4,-1).

|
|




Answers:

1 5
2 (a)
3 ()
4 (@

(b)

5 (a)
()

6
Mislpof)vi(ge)
Gradients PQ and SR both -1, 9
OR and PS both 3
Parallelogram 10

11
y=3x+1 (b) y=2x-3
2x+3y-12=0 (d) x-3=0

ra\;

Q>

y==x+2
y+2x=5
3x+8y=19
x+y=12

|-

y=1
x+3y=13,(1,4)
Ix+2y= 5,(3,—2}
x+2y=8



Exercise #2
1 The straight line Sy+2x=1 meets the curve xy+24=0 at the points A and B. Find the length
of AB, correct to One decimal place [6]
é i =23 i 4+ X= .+« Aand B. Find the uation
The line y+4X= 23 intersects the curve Xy+ZX 20 at two points, eq of
5 the perpendicular pisector of the line AB. [6]
The straight line 3x= 2y + 18 intersects the curve 22 -2x+2y+ 50=0 atthe points A and B.
Given that A lies below the x-axis and that the point P lies on AB such that AP pB = 1: 2, find the
. coordinates of P. [6]
Find the coordinates of the points where the straight line y=2X~ 3 intersects the curve s
(5]

2+ +xy+x=30.
_2.2), B(4,4)and C6, 2) are the vertices of a triangle-
h A parallel to BC intersect at the point

The points A( The perpendicular
bisector of AB and the line throug D. Find the area of the

quadrilateral ABCD.

The diagram shows the line AB i i thro
\ _ passing through the points A(—4,0 and B(8 The 1i
point P(1, 10), Pel"PEI'IdICI.l]ﬂl' to AB, meets AB at C and the x-axis at)Q- Finc: i S)Ime T AR

(n
(2]

(i) the coordinates of C and of Q.

(if) the area of triangle ACQ-




Answers
y - (8,-3) and (-7.5,3.2)
d = V(15.5%+6.2%) = 16.7

5 = (53) =nd (1,19)
m==4 pupcndicullr-'/-
Mid-pownt = (3,11)

— ‘y‘.""" -

3 (2,-6) and(8,3)
P4,-3)

(3,3) and (-1,-5)

g x=8y=-18
method for area
71
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Answers
1 (n y-step + Xx-Step = 2
- m= |
C(-1,6)» D(5.12)

2 Equationy-3=-3(x-2)
(m IfI‘o.y-goB(Oog)
Vector move D (4, -3)
Area =40
e Sip
3 4=(1,-1)
x=-4, y=34

Equationis y-3= ;l(x -2
4 s
Solution of sim eqns — a =6, b = 3

5 Equation MB:y-4=-2(x-1)
Wheny=0,x=3 or B=(3,0)

™

(i) D = (-1, 8)
AD = V30 or 6.32

6 —(6, 1) and (2, 3)
Midpoint Af (4, 2)
pr=—Vp

Perpendicular mr =2
— y=2Z=2x-—-4)

;l:*:—m and k¥ > /48
70 6%
x—2y+4=0

;'— | "-'/E:-(.r:-ii)
AC=13
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Past Paper Questions

Co-ordinate Geometry
The line L, has equation 2x + y = 8. The line L, passes through the point A (7, 4) and is perpendicular
tolL,.
(1) Find the equation of L,. [4]

(1) Given that the lines L, and Lz intersect at the point B, find the length of AB. [4]

6
The curve y =9 - = and the line y + x = 8 intersect at two points. Find

(1) the coordinates of the two points, [4]
(1) the equation of the perpendicular bisector of the line joining the two points. [4]
y
L] C
B(2,10)
WS D(6,2) .
0

The diagram shows a rhombus ABCD. The points B and D have coordinates (2, 10) and (6, 2)
respectively, and A lies on the x-axis. The mid-point of BD is M. Find, by calculation, the coordinates

of each of M, A and C. [6]
The curve y* = 12x intersects the line 3y = 4x + 6 at two points. Find the distance between the two

points. ¥ [6]
(=2, 4 ( \.\ i @@
N
\._\ / </
: e

The diagram shows a rectangle ABCD. The point 4 is (.., 4), B i 8) and C lies on the x-axis.
Find R

(i) the equation of BC, @%_F [4]
(i) the coordinates of C and D. r&@ [3]

)

&
&
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B
B ,
0 A
i i ie on the x- and y-axes resp
In the diagram, the points A and C lie on :
21; +Xx =a186. The point B has coordinates (2, 2). The perpendicu
point X. |
[4]

ectively and the equation of AC jg
lar from B to AC meets AC at the

(i) Find the coordinates of X.
The point D is such that the quadrilateral ABCD has AC as a line of symmetry.
2
(ii) Find the coordinates of D. (2]

(iii) Find, correct to 1 decimal place, the perimeter of ABCD. B3]

tat

t c
B
A
0 \ 4
D (10, -3)

The diagram shows points A, B and C lying on the line 2y = x + 4. The point A lies on the y-axis
and AB = BC. The line from D (10, -3) to B is perpendicular to AC. Calculate the coordinates of B
and C. ¥ !

In the diagram, A is the point (-1, 3) and B is the point (3, 1). The line L, passes through A and is

parallel to OB. The line L, passes through B and is perpendicular to AB. The lines L, and L, meet at
C. Find the coordinates of C. 1 [6]

The line L, passes through the points A (2, 5) and B (10, ). The line L, is
s ' : : . 9. , is parallel to L, and passes
through the origin. The point C lies on L, such that AC is pespendicular to L,. Find l

(f) the coordinates of C, (5]

(t) the distance AC. [2)
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10  The point A has coordinates
! (~1, -5) and the poi has coordj
bisector of AB meets the x-axis at C and the y-axis :ltg Calculatg‘mttlrs (7. 1). The perpendicy]
. the length of Cp, ol

11 . ;
The point R is the reflecti
TRt reflection of the point (-1, 3) in the line 3y 4+ 2x = 33. Find 6]
12 Find the coordinates of th T e
inates of the point at which ‘ § 7
(10, 3) meets the x-axis. the perpendicular bisector of the line joining (2, 7) to]
[5)

The point C lies on the di i yara g
13 perpendicular bisector of p
C also lies on the line parallel to AB through {3,01 |ﬂ;.e line joining the points A (4, 6) and B (10, 2).

(1) Find the equation of the perpendicular bisector of AB. 1
4]

(i) Calculate the coordinates of C.
' 31
Three points have coordinat i
L po coordinates A (0, 7), B(8, 3) and C(3k, k). Find the value of the constant k for
(i) C lies on the line that passes through A and B,

14

(4]

(if) C lies on the perpendicular bisector of AB. [4]

15 ? ”

B(l,6)

A0.2)

— X

0
The diagram shows a rectangle ABCD, where A is (3, 2) and B is (1, 6).
(i) Find the equation of BC. [4]

Given that the equation of ACis y = x — 1, find
@ [2]

13

(ii) the coordinates of C,
(iii) the perimeter of the rectangle ABCD. @5/\

Find the coordinates of the points of intersection of the line y + 2v=1 1@\&:& curve xy = 12.  [4]

»
T c

16

17

(4. 6)
D

A
o~ z.0 XS
The diagram shows a trapezium ABCD in @"- BC is parallel to AD and angle BCD = 90°. The
coordinates of A, B and D are (2, 0), (4, 6) and (12, 5) respectively.
[5]

(i) Find the equations of BC and CD.
[2]

(if) Calculate the coordinates of C.



18 The equation ofacurveisy= 2 -4x+7 and the equation ofalineisy + 3x = 9. The curye

line intersect at the points A and B.

(1) The mid-point of AB is M. Show tha

¢ the coordinatcs of M are (-;-, 7%)

Q on the curve at which the tangent is parallel to uﬁﬁ

() Find the coordinates of the point
y+3x= 9. m
() Find the distance MQ: [l-l
19 Three points have coordinates A(2, 6), B(8, 10) and C(6, 0). The perpendicular bisector of
meets the linc BC at D. Find
@) the equation of the perpendicular bisector of AB in the form ax+ by=c, 4
(i) the coordinates of D.
t C(6,15)
B(13.11)
D
AQL3)
0 s

The three points A (1, 3
L )!B(l3|1l and C . )
C to AB meets AB at the point D. Plin d (6. 15) are shown in the diagram. The perpendicular fron

(i) the equation of CD,
21 (ii) the coordinates of D. .
[4,

)

B6.2)  C(10,2) /)

Q
The three points A (3 " ‘\ >
: ) . 8),B(6,2 :
the line DA 'Sperpendicm;;r{;o,l};z:::; ggﬂ. 2) are shown in the dlagl‘am Th /j
is parallel to AB. Calculate tht;C(_;D :d?omt D is such that
: nates of D 7

\>de

A
3.8)
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22
Yoo
i le ABCD. The point A is (0, =2) and C is (12, 14). The diagonal BD is
The diagram shows a rectang
parallel to the x-axis.
" : ;
@) Explain why the y-coordinate of D 15 6. (1
The x-coordinate of Dish.
i 3]
(if) Express the gradients of AD and CD in terms of k.
[4]
(iii) Calculate the x-coordinates of D and B.
[3]
(iv) Calculate the area of the rectan gle ABCD.
: 2
23 'y y=
y=3x+4
B
A
— X
g 0
2 . s 5
The diagram shows part of the curve y = == and the line y = 3x +4. The curve & ine meet
points A and B.
Y (4]
(i) Find the coordinates of A and B. 5
O
(ii) Find the length of the line AB and the coordinates of the nﬁd-p\g{@’r AB. 3]
# 8(3.6) ,\\%
T co.4 2. @Sﬁ
é O
Nl
N

Al-1.-1

The diagram shows a quadrilateral ABCD in which the point A is (-1, —1), the point B is (3, 6) and

the point C is (9, 4). The diagonals AC and BD intersect at M. Angle BMA = 90° and BM = MD.
Calculate

(i) the coordinates of M and D, [71
(if) the ratio AM : MC. [2]




Answers
1) gyopetm0 o

s (i) (ANEO (ii) y=x=9

3 0612
4 66 G 375 uits

5 () 2x+3y=20 (i)go,0p D04 O
6 (i) 46 (i) 26 10) (iii) 40.9 units
7 Bare (6. 5) Cere(12. 8)
8  coondinates of C are (5.5)
o ()59 (i) L wis
10 "Core(3, 0) Dare(0. 2) 'CD=25 wis
11 coordinates of R=(7, 15)
12 (35,0)
13 (i)2p=3x-13 (i) 9.7
14 (i) k=28 (i) k=06
15 (i) 2y-x
16 - coordinates are: (4,3) and [% 8)
17 (i) y+2x=29 (i} (0,9
18 (ik{L3) (i) 25 wits
19 (i) 3x+2y=31 (ii):(7, 5)
20 (i) 3x+2y=48 (i) 10.9
21 (62 996)
22 () 6 (i) =%
(iii) Bis —4. D is 16. (iv): 160 unit®
23 (i) dare (L. n-am(g_ 5]

(ii) 5.27 units. [_61_ z

—11 (i) €a3. 12) (i) 35.8 units

20

D are (7, =2 (i) 3:2
24 (i) M(S, 2

)5 () x+2p=21 (i) 013 7
26 (12, 14)
27 (i) Jy=x+16 (ii) (65 7.9 (iii) 15 units

28 (i) k=-7ad? (i) (-20)

29 a=b6 b=8




SERIES (A.P AND G.P)

Arlthmetlc progression (A.P

If difference of any two consecutive
n. The difference is usually denote

terms of a sequence Is constant, then it the sequence is called arithemetic
d by ‘d’ and the first term is denoted by ‘a’. general term formula of ‘AP is

pmgressio
an= ot (n'l) d

' denotes sum of nterms in AP, then

If ‘Sn

sn= z [2a+[n-1)d]. If last term of sequence is given, which is denoted by /" then
2

n
- —[a+!
Sn 2[ﬂ ]

Wm:ﬂﬂre_wﬁﬁﬂ

utive terms in 2 sequence is constant, then the sequence
dby ‘7. If‘a"is the first term of G.P,

is called geometric

If ratio of any two consec
hen its general term

progression (G.P). Its ratio is called common ratio and is denote

3 -1
formulaisan =2 r

sum of finite terms in G.P

s,,:ii-(-l—_-ilifrd (i) S, _A~Ver 51
1-r r—1

Sum of infinite terms in G.P
Sw= ——ifr<l
* 1-r @
)

@O
function, /t/glgp\\gﬁs called convergence series
gngted as convergence function.

Convergence series

If the sum of all infinite terms of a function is equal to the original
and S exist to original function, then it is c(i

OR if infinite term is nearly equal to zero

Divergence series
W\

If sum of infinite terms in given series is equal to infinite va1ues,@1’t is called

divergence function i.e. Sao=

Use of general term formula and sum of terms (Sn ¥
Y

General term (a,) formula is used to find out single term OR to find value of unknown variables if value of any

specific term is given in A.P and G.P.




|
of terms or to find value of unknown variables when sum of specifj te |

ula is used to find sum ) _ .
make two linear equations according to given conditions and solyg th
)

SN form

is given. To find value O
simultaneously.

d

To find unkn .
r from any two pairs of consecutive terms in sequence and put them equal and simp"f‘i

or
21
Exp; Ifa,a+ddat 14 d are in G.P then find value of r.

a+4d or . a+14d
o B a a+4d
" rison a+4d a+14d
compari —
y comp d  a+4d

Valueof r'inr=2 —2-

Case of %

In case of %, G.P is used to find value of r for increased amount, change given % into decimal form and add it in 1
and for decreased amount, change given % into decimal form and subtract it from 1. For value of specific year, apply ‘a.’
formula and for total amount apply Sn formula in G.P. if no increase or decrease is given with %, then given % in decimal

form is taken as value of r.
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. Techniques relevant to problem solving:

() Ferming an couation relating three terms of 4 sequence,

If x, yand zare consecutive terms of an AP, then we have y—x =2~y

If x, yand zare consecutive terms of a GP, then we have A
y

of its parent sequence:

Example: A descending geometric series has first term @ and the common ratio r is positive.

The sum of the first 5 terms is twice the sum of terms from the 6" to 15™ inclusive.

alr® -1) _alr’ —1}}

While it is not erroneous to state that S =2(S,, —S,):> i 4 ]l)=2[ N ]
r—- = r—

it would be far more elegant to use the understanding that the 6™ to 15™ (10 terms altogether)

terms of the GP can be construed as a separate GP series with first term = ar®' = ar’ but with

the same common ratio r as the parent series. Hence, we have
u(ar-5 -—1] _2 ars(r"' —l)
r—1 - 1 '

which would render future developments of any solution a tad more efficient.

end of a month, a customer owes a bank $1500. In the middle of lhé@ﬂ

Example: At the

the customer pays $x to the bank where x<1000, and at the end of| & nth the
@5

bank adds interest at a rate of 4% of the remaining amount sti%\c\ngcd. This process

continues every month until the money owed is repaid irk\\/é\h\g
o

N
(i) Find the value of x for which the customer still owes S 150@ start of every month.

whole amount mved@é aid off exactly after the second
payment. @QB)
e who unl owed is paid off exactly

O

(ii) Find the value of x for which the

(iii) Show that the value of x for which th

after the ( n+1)th payment is given by

l_s-gq:'j-“ip—l}-,whcre r=104

X =
r =1
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SQLUTIONSS
i) 15001 500-x )(1.04) => x =5$57.69 (shown)

(ii) After 1* payment of
(1500-x X1.04)=x = x=$764.71 (shown)

$ x , the amount owed= (1500 - x )(1.04)

Therefore,
(i) Aterthe sccond payment of $x, amount owed at beginning of 3* month i

[(1500-x)1.04 —x ] (1.04)=1500(1.04)" —1.04" x — 1.04x
After the second payment of $x, amount owed at beginning of 4th month js

[1500(1.04)* —1.04% x —1.04x - x](1.04)
=1500(1.04)" —1.04° x —1.04% x —1.04x
After nth payment of $ x, the amount still owed at the beginning of the (7 + 1 )th month
=1500(1.04)" —1.04" x—1.04" " x— oo —-1.04* x—1.04x
=1500r" —x(r+r* +......+r") where r=1.04

At the (n1+1)th payment,

x=1500r" = x(r +7° + eereeera+ 1")
x(14+r+r® +..+r")=1500r"
n+l n -
= x(& l) =1500r" = x= 1500:] (r} D (shown)
&= F =
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Example
A studén mﬁnguz&pqebookﬁnduhnmm faster as he gets into the subject.
onunﬂrndly.mdhhntoofmdin;ﬂnnsouwﬁﬂﬂlﬂ‘wh

m.mmmummnﬁmmm'r

You are given that a=19, =3 ind §=426. Since §=4n(2a+(n-14d),

426=3n(38+(n- 1)3),
852 = n(3n+39),
4n? +35n~852=0.

Using the quadratic formula,
F-—éu\[?s’-uax(-ssz) 35107
2x3 6

Since n must be positive, n = :9%92 = % =12. He will finish the book in 12'days.
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Exercise #1

1 State the first term and the common difference and then find the 7th and the 15th
| terms of the following APs:

(@ 2,6,10,... () -3, 0.3...1
| 'l . 'l| y ven ; (d) L?l la4. l- 3 vas ) i :
3 g:c::nl‘acil’%a, 1,4, ... state (a) the 8th term, (b) the 12th term. (c) Find a formula for

| the nth term. ;

3 Find (a) the 9th, (b) the 20th, terms of the AP 17, 13,9, ...
(c) Which term of this AP will be ~35 ?
(@ Find a formula for the rith term.

4 (1) Find a formula for the nth term of the AP -10, -7, 4, ...
(b) If 2x - 3 is the arithmetic mean of x* — 4 and 5x - 8 find the values of x.

§ Tbe 8th term of the AP a,a + 4, a + 8, ... is 33. Find (a) the valuc of a, (b) the 15th
| term

6 IftbaﬁrsthrmofanAPixsandtheMtermiszs.ﬁndthcoommondifference-
7 Find (a) the 7th term and (b) a formula for the nth term of the AP 4, 3,13, ..
8 The 4th term of an AP is 13 and the 10th term is 31. Find the 20th term.

9 The Sth tenm of an AP is 53 and the 9th term is 8., Find the 17th term and a formula
for the nth term.

10 The 4th term of an AP is 5 and the 11th term is 26. Find
(a) theﬁmmmdlheconmoudﬂfmcc,
(b) a formula for the nth term.

11 A ball rolls down a slope so that it travels 4 cm in the Ist sccond, 7 cm in the 2ad,
10 cm in the 3rd and so on. How far docs it travel in :
(@) the 7th,
(b) the nth, second?

12 The nth term (T)) of an AP is given by T, = 3 — 5n.
() State (i) the 8th term, (ii) the 21st term.
(b) What is the first term?
(c) What is the common difference?

13 The nth term (T,) of an AP is given by T, = 4 (4n - 3).
(2) State (1) the Sth term, (ii) the 10th teom. -
(b) Find the common difference. :
!14 If the 5th term of an AP is 10 and the 10th term is S, find the first torm and the -
15 Ifthcmhmdmukdmblemsmmfmdmemmmﬁn'ffcmmgiven
that the first term is 7.

iIE‘I‘hslﬁthmofanAPisthmcﬁmesmesmem.lflhellthtmnisZﬂmmmm
the 7th term, find the first term and the common difference.

17 In an AP the 9th term is —4 times the 4th term and the sum of the Sth and 7th tecms
is 9. Find the first term and the common difference.

18 InmAPﬂnﬂndmiﬂtimesmesmtmmwhﬂethelZﬂaumislZmomthantha
Bdaml’indtheﬁmtamudthammmdiﬁumcc.

?




=r

19 Find a formula for the nth term of the AP 3,24, 2, ...
20 The sum of 3 consecutive terms of an AP :
» an i-smmmh%mm

21 p, ¢ and r are three consecutive terms of an AP, Express p and r in
where d is the common difference. If the sum of the terms is 21 Mﬂﬁﬁmt

and r.
22 Which of the following sequences is an AP? -
@ § 3 30 ® L.2.3...
© 343 - @ 5 g
23 The 9th term of an AP is 3 times the Sth term.
(2) Find a relation between g and d.
(b) PmetlmﬂnammnisSﬁmeuhc4mmm. _
24 If x + 1, 2x — 1 and x + 5 are three consecutive terms of an AP, find the value of x.
25x+2,x+3md2r“+]mmmmmwﬂvemofmﬂ,ﬁndlhepo&ﬁblevﬂm
of x. ;
Answers:
1142 (@) 17,-03-0.1,-25
(

1(2) 2,4;26,58 (b) -3,3:15,39 () 5. 51

2@ 19 M3 (©)3r-5 3 (@-15 (b) -59 (c) l4th (d) 21-4n
4@3m-13 M2-3 5@5 ®6L 625 7T@2 -® (@2r+1) 861
9 14%; {30 +7) 10 (@) 4,3 () 3n-7 11 (@) 22cm (b) In+1cm

12 (a)() =37 (i) 102 () -2 () -5 13 (a)G) 83 (i) 18; ()2 14 14,-1
152! 16 6,4 17 18,4} 1853 19 ;(7-n) 20 -3,2,70r7,2,-3

21 g~d,qg+d;12,7,2 22 (a) and (d) 2 () at+2d=0 24 4 25 -1orl;

5
O
o
o3
NS
o
&
W
&
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Exercise #2

22 and the sum of the first 4 terms is 49.

metic progression is

h
pinth term of an arit
. f the progression and the common difference. "
(1) Find the first term O
The nth term of the progression is 46. ‘
2

(i) Find the value of n. B itk

The first term of a geometric prog
i) the tenth term of the progression, <

ty which is three times the ﬁ[m
4]

ression is 12 and the second t
[3)

(
(if) the sum to infinity.

(a) A geometric progression has
term. Find the first term.

a third term of 20 and a sum to infini

is such that the eighth term is three times the third term. Show tl{]:t
the sum of the first eight terms is four times the sum of the first four terms. ]
etic progression are | and cos? x respectively. Show that the sum
b sin’x, where a and b are constants to l;e

3]

(b) An arithmetic progression

(a) The first two terms of an arithm
of the first ten terms can be expressed in the form a —

found.
tan? @ respectively, where 0 < 8 < iz

(21
[21

(b) The first two terms of a geometric progression are 1 and 3

(i) Find the set of values of @ for which the progression is convergent.

(ii) Find the exact value of the sum to infinity when 8 = —",rt.

The first term of an arithmetic progression is 12 and the sum of the first 9 terms is 135.

[2]

(i) Find the common difference of the progression.

The first term, the ninth term and the nth term of this arithmetic progression are the first term, the
second term and the third term respectively of a geometric progression.

(i) Find the common ratio of the geometric progression and the value of n. [5]
The third term of a geometric progression is —108 and the sixth term is 32. Find
(i) the common ratio, [3]
(ii) the first term, [
(iiif) the. sum to infinity. 2]
[

(b) The first term of a geometric b2
progressio: 4 y

S Tiogrmsiion, gression is 16 and the fourth term is 21. Find the sum to infinity
[3]
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11

12

13

14

29

(a) A geometric progression has first term 100 and sum to infinity 2000. Find the second term 131

(b) An arithmetic progression has third term 90 and fifth term 80.
(1) Find the first term and the common difference. 2]

(i) Find the value of m given that the sum of the first 71 terms is equal 1o the sum of the first

(m + 1) terms. 21

(1if) Find the value of nt given that the sum of the first n terms is zero. 121

(a) The sixth term of an arithmetic progression is 23 and the sum of the first ten terms is 200. Find

the seventh term. (4]

(b) A geometric progression has first term 1 and common ratio r. A second geometric progression

has first term 4 and common ratio +r. The two progressions have the same sum to infinity, S.
Find the values of r and S. 3]
The first and second terms of a progression are 4 and 8 respectively. Find the sum of the first 10 terms

given that the progression is
(1) an arithmetic progression, 2]
(ii) a geometric progression. 2]
of the first

The first term of an arithmetic progression is 61 and the second term is 57. The sum
n terms is 7. Find the value of the positive integer n. 4]

The first term of a geometric progression is 5§ and the fourth term is 2¢. Find
31

(2]

first ten terms is 400 and the sum of the next ten

(51

(i) the common ratio,

(ii) the sum to infinity.

(a) In an arithmetic progression the sum of the
terms is 1000. Find the common difference and the first term.

(b) A geometric progression has first term a, common ratio  and sum to infinity 6. A second
2a. common ratio r~ and sum to infinity 7. Find the values

geometric progression has first term
of aand r. [5]
(a) In a geometric progression, the sum to infinity is equal to eight times the first term. Find the
2]

comimon ratio.

(b} In an arithmetic progression, the fifth term is 197 and the sum of the first ten lcn@ls 2040. Find
the common difference. fw [4]
%>
O
G
ds

©

X
&




;ﬁ(';+7aq_32dor640
-2(20,,,3‘;)..3‘{0“60

4 §,=10-45sin’ x
(0<)@ <%

s. =.:. or 1.125

5 <
,d=% r n=21

6
- [_%) (i) a=-243

r-145.8

~

Sum to infinity =64

30

11

12

13

14

n=‘-31

r=30r0.75

2|.:. or 21.3)

d:ﬁﬁ a=13

a=12 or 1.71(4)

—

r=2 or0.714
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Past Paper Questions

AP&GP

In an arithmetic progression, the 1st term is ~10, the 15th term is 11 and the last term is 41. Find th
sum of all the terms in the progression. ' [5';
A geometric progression has first term 64 and sum to infinity 256. Find

(1) the common ratio, 121

(1) the sum of the first tcn terms. 2]

progression has 6 terms. The first term is 192 and the common ratio is 1.5. An arithmetic
and common difference 1.5. Given that the sum of all the terms in the

geometric progression is equal to the sum of all the terms in the arithmetic progression, find the first
term and the last term of the arithmetic progression. [6]
Each year a company gives a grant to a charity. The amount given each year increases by 5% of its
value in the preceding year. The grant in 2001 was $5000. Find

A geometric
progression has 21 terms

(i) the grant given in 2011, [3]
(i) the total amount of money given to the charity during the years 2001 to 2011 inclusive. [2]
The second term of a geometric progression is 3 and the sum to infinity is 12.

(i) Find the first term of the progression. [4]
An arithmetic progression has the same first and second terms as the geometric progression.

(ii) Find the sum of the first 20 terms of the arithmetic progression. [3]
The first term of a geometric progression is 81 and the fourth term is 24. Find

(i) the common ratio of the progression, [2]
(if) the sum to infinity of the progression. @% 2]
The second and third terms of this geometric progression are the first and fourth respectively of

an arithmetic progression.
<
(iii) Find the sum of the first ten terms of the arithmetic progression. D% 3]
(a) Find the sum to infinity of the geometric progression with first terms 0.5, 0.5° and 0.5°.
[3]

o

%
(b) The first two terms in an arithmetic progression are 5 (d@'l‘he last term in the progression is
the only term which is greater than 200. Find the {s/y.\*@/}ﬁgll the terms in the progression.  [4]

&=
(a) Find the sum of all the multiples of 5 between nd 300 inclusive. [3]
v,
(b) A geometric progression has a common m@g@ —$ and the sum of the first 3 terms is 35. Find
(i) the first term of the progression, [3]
[2]

(ii) the sum to infinity.
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uch a way that the angles of the sectors are in ar M

1 ided into 6 sectors in S .74 ac the angle of the smallest sector.
A circle is divided in est sector is 4 ume : "
i jon. The ange ‘;f: ::es l::::g find the perimeter of the smallest sector. 1y
lrc L]

that the radius of thec on are 2k + 3, k+ 6 and k, respecti\,th

ic progressi
rms of a geometric Prog positive, calculate

(b) The first, second and third te geometric progression are

Given that all the terms of the

B
(1) the value of the constant k, :
infini the progression. o 1
i) the sum to infinity of _—
10 (a) (ln an arithmetic progression, the sum of the first n terms, denoted by S, 15 & y
S, = n* +8n.
B

Find the first term and the common difference.

The sum of the secon

- : i than the first term.
(b) In a geometric progression, the second term is 9 less tive. find the first tem

and third terms is 30. Given that all the terms of the progression are posi

11 B}
(a) The first and last terms of an arithmetic progression are 12 and 48 respectively. The sum of the
first four terms is 57. Find the number of terms in the progression. [4]

(b) The third term of a geometric progression is four times the first term. The sum of the first six
terms is k times the first term. Find the possible values of &. [4]

The 1st, 2nd and 3rd terms of a geometric progression are the Ist, 9th and 21st terms respectivel
12 of an arithmetic progression. The Ist term of each progression is 8 and the common ratio of th
'geometric progression is r, where r # 1. Find

(i) the value of r, 4
(ii) the 4th term of each progression. [3

13 (a) The first, second and last terms in an arithmetic progression are 56, 53 and —22 respectively
Find the sum of all the terms in the progression. [4

(b) The first, second and third terms of a geometric progression arz 2k .- 6, 2k and k + 2 respectively
where k is a positive constant. '

(1) Find the value of k.

3
14 (i) Find the sum to infinity of the progression.

(2
A water tank holds 2000 litres when full. A i :
each day a greater amount of water is lost small hole in the base is gradually getting bigger so th

(i) On th i i
) On the first day after filling, 10 litres of water are lost and this increases by 2 litres each day

() How many litres wi
Yy litres will be lost on the 30th day after filling? L

comes cmpl’y du.ﬂ.l'lg t.he ".th da aﬁer ﬁlling. md t_he Value Of n [jl
ii) ASsl.lme iﬂStEad that 10 l'l |
{ ‘ tres Ofwate[ are l()St on [hﬂ iﬂ's day and that [he amoun Of
10Creases b IO% i F t
l s y on each Succeedmg day. iﬂd Whﬂ , ; I :

end of the 30th day after filling percentage of the original 2000 ntwﬁ[;
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15 A geometric progression, for which the common ratio is positive, has a second term of 18 and a fourth

term of 8. Find
(i) the first term and the common ratio of the progression, i3]
(i) the sum to infinity of the progression. 2]
16 (a) A debt of $3726 is repaid by weekly payments which are in arithmetic progression. The
payment is $60 and the debt is fully repaid after 48 weeks. Find the third paymm:;l_ ﬁ{;;
(b) Find the sumto infinity of the geometric progression whose first term is 6 and whose second term
is 4. 31
Find
17
(1) the sum of the first ten terms of the geometric progression 81, 54, % ¢ - 3]
(11) the sum of all the terms in the arithmetic progression 180, 175, 170, ..., 25. 131

18 A small trading company made a profit of $250 000 in the year 2000. The company considered two
different plans, plan A and plan B, for increasing its profits.

Under plan A, the annual profit would increase each year by 5% of its value in the preceding ycar.

Find, for plan A,
(1) the profit for the year 2008, 3]
(i) the total profit for the 10 years 2000 to 2009 inclusive. [21

Under plan B, the annual profit would increase cach year by a constant amount $D.

(1) Find the value of D for which the total profit for the 10 years 2000 to 2009 inclusive would be

the same for both plans. [3]
19 (a) Find the sum of all the integers between 100 and 400 that are divisible by 7. 4]
(b) The first three terms ina geometric progression are 144, x and 64 respectively, where x is positive.
Find
(i) the value of x, @D%
(i) the sum to infinity of the progression. @
Y 2
20 (,.\\53’
The 1st term of an arithmetic progression is a and the common difference is i@/ﬁere d#0.
. O‘\
(i) Write down expressions, 11 (erms of a and d, for the 5th term ang%\@ﬁ Sth term. m
The 1st term, the 5th term and the 15th term of the arithmetic p y sion are the first three terms of
a geometric progression. @f}
: N
(ii) Show that 3a = 8d. [3]
&
(iif) Find the common ratio of the geometric progression. [2]

Q
21 The first term of an arithmetic progression is 6 and the fifth term is 12. The progression has n terms
and the sum of all the terms is 90. Find the value of n. [4]



Answers

1 5425

2 (l)% (1} 1242

3 lastterm=20

4 (i) $8140 (D (ii):871034

5 (i) firstterm=6 (iik=450

6 (i) r=3 i) 243 (iii) 270

7 (a) 2 (b} 5150

8 (a)8200 (b) (i) a=45 (i} 27
9 (a) 12.1cm (b) (i) k=12 (ii) 8
10 (a) 2 (b) firstterm =27

11 (a) »=25 (b) 63,-21

12 (i) r=2 (i) 93

13 (a) 459 (b) (i)k=6 (i) 54
14 (i) (a) +68 lives (b)41th day. (ii)17.75%
15 (i) a=27 (i) S.=8I

16 (a):$61.50 (b) S.=18

17 (i) »239 (ii) -3280

18 (i) 369000 (i) $3140000 (iii) 14300
19 () 10836 (b) (i) x=96 (ii) 432
20 (i) T; =a+4d Ty=a+ldd (iii) 25

21 n=8

22 (i) a=117 (ii)a=128

23 (a) m=47

24 (a) (i) 3 (ii) 57 (iii) 570

(b (i)ses20 (ii): $56800

36

25 a) () g ez 12 ) peig

26 (a) 3 hours 15 minutes (by 216 27 (a)-2 (b) g

28 (a) (1) 130 km (ji) ll:cycllnwillﬁnilhﬂnmmmm

(b) (i a=16 (i) 32




QUADRATICS

o

syllabus:

out the process of completing the square for a quadratic polynomial ax*+bx+c, and use this form, e.g. to locate
o the vertex of the graph of y = ax*+bx+c or to sketch the graph;
ind the discriminant of a quadratic polynomial ax*+bx+c and use the discriminant,
real roots of the equation ax*+bx+c=0:
, solve quadratic equations, and linear and quadratic inequalities, in one unknown;

solve by substitution a pair of simultaneous equations of which one is linear and one is quadratic;
Recognize and solve equations in x which are quadratic in some function of x, e.g. x'— 5x?+4=0

UADRATICS EQUATION

An equation with highest power of variable ‘2’ is called quadratic equation. standard form of quadratic eq is
ax2+bx+c=0 where ‘@’ is co efficient of x2, ‘b’ is co-efficient of x with sign and ‘c’ is independent of x term.

e.g. to determine the number of

Graph of quadratic

The graph of quadratic is with minimum or maximum turning point,
of x3). if a>0 (+ive), then turning point or (stationary) point will have minimum value. If

depends upon the value of ‘a’ (co-efficient
a<0 (-ive), then turning point has

maximum value.

sketch of quadratic graph

Express y = ax’+bxtcasy =a (x-h)? + k by completing square method. In either
case (min or max) the turning point is (h, k) and the curve is symmetrical about x = h the
extreme value (min or mx} is k. this value occurs when the square term (x-h)* = 0 i.e.

when x =h.
If ax?+bx+c=0 is factorised to a (x-a) (x-B), then graphs are: @
—-b b2 @
b ©
2a 4a @9
Q@

Roots of a quadratic equation %
O

| roots means, the values of

The coordinate of turning point can also be found directly by the formulax =

Roots of equation means values of x of points of intersection of the line or cu
x whose square is +ive. To find roots or real roots of equation simplify given equatiq&g apply quadratic formula.

-b+b*—4ac . .
X= , and discard the values, whose square values , for real roots.

2a @
A
¢

: In quadratic formula, the value b?-4ac is called he discriminant of the quadratic expression ax2+bx+c, as it allows
o discrimi ;

Idlscnmlnate among the possible types of roots. It also tells the position of the curve y = ax2+bx+c relative to the x-
axis,

Discriminant



Nature of roots
eal roots and the curve cuts the x-axis two point. If b2-4acsg
=¥ t‘hQ

i) If b2-4ac>0, then equation has two distinct r
repeated roots and the x-axis is tangent to the curye i
l.&l

roots are real.
ii) If b-4ac =0, Then equation has equal real roots or
e curve at only oné point). '
i ; nd the curve does not intersect the x-axis and y = ax®+bx+c is cithg

quation has no real roots @
always +ive or always —ive or the line and curve have no co
& Toshow thateq has no real roots, W€ have to show that b?-4ac is
+ive or b*-4ac>0 and for exactly one real roots put b?-4ac=0
of line and curve

point of i ntersection
tion is a curve while graph of linear equation is a straight line. To find points of
ariable of linear equation and substitute that value of variable j
ints of intersection of line and curve. For

quation to the quadratic

mmon points.

iil) If b2-4ac<0, then €
—ive or b*-4ac<

0, for real roots show that b2-4,

& The graph of quadratic equa
intersection of line and curve, make subject to any v

eq. of curve. Solve it and find values of x and y, whic
nature of roots apply discriminant formula after substituti

equation in simplified form.

No point of intersection of graph with X-axis
e of turning point by formula

the graph of quadratic equation is above or below the x-axis, find y co ordinat

h are coordinates of po
on of variable from linear e

< To show
rve lie above

2
point is minimum and the cu

b
Z Ifitis +ive and co-efficient of x* is also +ive,

4a
the x-axis if y coordinate of tur

—ive, then turning point is maximum an

Minimum or maximum value

y=c- then the turning
ning peoint (stationary point) is —ive and the co-efficient of x*(a) is

d the curve lie below the x-axis.

2
nd coordinate of turning point ie.y= c-ﬁ-*.
4a

< To find minimum or maximum value of quadratic function means fi

& Acute angle between two straight lines, when eq. of lines or their gradients (m) are given, if 0 is angle between lines

then
m, —m,

Tan©=

1+mm,

Quadratic inequality

An inequalitiy with a quadratic expression in one variable on one side,;@i’;/‘.d zero other side, is call
guadratic inequalty, if quadratic inequality \ i\ is ~ isess
(x-at) (x-B). Where o. and p are real numbers, then it may be solved by using he e.:e..‘,'-];‘gi'f':.:;‘qqriiﬁ : ’
i ‘ Y
1) Eif:;l (;cif::{:cl;:rin X< a.or x> P. Thfz range of values of x lie oytside 'rh_:““;nfm;\t‘?"
nswer in set notation when the question req 'resvi-gi‘i'ﬂ“d'*tl“ 5T ¢
m>4, meR}f (x-a) (x-B) <0, then o<x<f . B \‘\ o imimeda

The range of value of x will lie insi d
ide the roots of the curve. Wh i i ;
. Where o is the | @ dBi
q is the larger root.
éib g

{If linear inequality is in mod
ulus form, then to find i i <
s s el i, - nd its range first find turning pgint b i
P , then pf:t that value of x is given inequality and find y. also put gi iy t'errﬂ
y. then draw it on paper, its graph will be v shape graph and find tp pesseterialsef e T
ind its range}



We sometimes call the solutions of a quadratic equation the roots of the equation.
This also tells us where the quadratic graph crosses the x-axis. When we have

an equation of the form ax* + bx + ¢ = 0, we can tell the nature of the roots by
looking at the discriminant of the quadratic equation.

The discriminant is the value of b* - 4acin x = —btvb —dac M:.

2a
If B-4dac>d there are two distinct real roots.
If b»-4ac=0 there are equal roots (one repeated root).
If b -4ac<0 there are no real roots.
L; no rools
one mnt

twnrums



39

Practice Questions

Exercise #1

1. Use the discriminant to determine the nature of the roots of the following quadratic

equations. When the roots are real, find these roots: :

@ x¥-2-5=0 (b) 4P +4x+1=0 () =843

(d) o(1-3x)=2 () 2x-Dx+1)=2 (N 2x(x-=3)=3-4x
2. The equation x* + k = 6x has two distinct real roots. Find the range of values of k.
3. If the equation 2x(p - x) = 3 has real and equal roots, find the exact values of p.

Find thf value(s) or range of values of p for which the equation

(a) px = 6x + p = 0 has equal real roots,

(b) 2x* - 4x + 3 = p has real roots,

(¢) 3x" = 2x + p — 1 has distinct real roots,
(d) p(x + 1)(x - 3) =x - 4p — 2 has no real roots.

5. Find the range of values of m such that the roots of the equatio
are not real.

6 What is the least value k can take if the roots of the equation xX-
are real?

7. Find the range of values of & for which the
2+ (2k + 1)x + & = 3 = 0 are not real. State the range O

htheequaﬁonf—2h+k2—2k=6has real

nme +2=x(x+3)
2h+kz=3+x

roots\ of the equation
f values of k for which the

Find the range of values of k for whic
8 roots. Find the roots in terms of k.

g = Show that the roots of the equation 2¢ + p=2(x - 1) are not real if p > —%.

10. Given that the equation pi +3px+p+q=0 where p # 0, has two equal real

roots, find ¢ in terms of p.

Answers
it ki 6 L _2 isti %
1. (a) real and distinct. I = /6 (b) real and equal, -5. -7 (c) real and dlsuncL@
(d) not real (¢) real and distinct, 1. ~1.5  (f) real and dis@l (13 .ﬁ)
— i 1
W e ;3 N6 _ i
2 1
4. (a) £3 (b) pf = 1 wp>3 @v -5
: )
17 . 13 13 13
5.m > 3 0. -~y & k< —T: k= ..:'-
' 5 %:‘
8.k=-3,kt J2k+6 10. = 3P /)@
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Exercise #2 _—
1. Find the solution set of each of the followir;% quazcl)rs:l;c;nequa ’
. (b) x(x =
Ot @ L
@ x> 4r+12 o st D) s

1-3)23 I?-zx
e 15k +4) > 2= 1)

W -
3. Find the set of values of x for which 2x* = 4x =3
3, Sketch the curvey =y - 4x - 6, indicating the exact values
solve the inequality x(x-4)> 6. |
4. There is no real value of X for which mx’ + 8x + m = 6. Find m.
5. The equation 2l +4x+2=plx+3) has two distinct real roots.

§) G+2 <xd-n+40

is greater than x.
of the x-intercepts. Hence

Find the rangé of

values of p. .
6. If the equation (p +2)X" — 12X+ 2(p - 1) = 0 has real and distinct roots, find the
set of values of p.
7. Find the set of values of m for the equation 22 + 4x + 2 + m(x + 2) = 0 to have real
roots.
8. The roots of the equation 3o 4 (k=5 = 5,2 + 2 are not real. Find the set of values
of k.
9. If the equation p-p+10= 2(p + 2)x has real solution(s), show that p cannot lie
between 1 and 2.
10. Given that the line y = ¢ - 3x does not interscct the curve xy = 3. find the range of
values of c. (C)
Answers

1. (@) {r:x<-3orx>3,x€R} (b) (x:-1<x<3,x€R}

(d) {x:x‘é -;—orx;B,xER}

R}

() [x:6<x<1,x€ER]
3

() [x:x<-2o0rx>6,x€R]} () {x:—zé.ré;[.xs

@ (x:x<—4orx=4,x€R) () {x:-4<x<0,x€R])

) 2

(l){x::-(-gorx:rl,.reﬂ} () {x:-J18 <x< .fi8,x € B)

1
2 1rix<-= 10
5 {x r< Zorx>3.xeﬂ} 3.x<2-10 orx> 2+ ./i0 dm<-2orm>8
. < -
p<=l6orp>0 6.{p:-5<p<4peR} T.im:m<Oorm=8 mcR]|

B.(k:-15<k<1,k€R) 10.6<c<6 \/\ @j
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Past Paper Questions

1 Find the value of the constant ¢ for which the line y = 2x +¢ is a tangent to the curve Y =4x. [4)

2 Find the set of values of k for which the line y = kx -4 intersects the curve y = #* - 2x at two distinct
points. (4]

3
The equation x* + px + g = 0, where p and g are constants, has roots —3 and 5.

(1) Find the values of p and q. 2]

find the value of the constant r for which the equation

(1) Using these values of p and g,
[3]

2 + px + g + r = 0 has equal roots.

4  The straight line y = mx + 14 is a tangent to the curve y = lxz +72 at the point P. Find the value of the

g  constantm and the coordinates of P. [5]

Determine the set of values of the constant k for which the line y = 4x + k does not intersect the curve

y=2. 3]
g eurve has equation y = kx* + 1 and a line has equation y = kx, where k is a non-zero constant.

(i) Find the set of values of k for which the curve and the line have no common points. 3]

(ii) State the value of k for which the line is a tangent 10 the curve and, for this case, find the
(4]

coordinates of the point where the line touches the curve.

7 The equation of a curve is % +2x = 13 and the equation of a line is 2y + x = k, where k is a constant.

(i) Inthecase where k = 8, find the coordinates of the points of intersection of the line and the curve.
(4]
(ii) Find the value of k for which the line is a tangent to the curve. [3]
B The line y = % + k, where k is a constant, is a tangent to the curve 4y = x” at the point P. Find
(i) the value of k, @9@ [3]
9 (ii) the coordinates of P. @ [3]
Awwchasmuationy:lxl-ﬁr+5. ,\@
N9
(1) Find the set of values of x for which y > 13. D@ 3]
O\
i (if) Find the value of the constant k for which the line y = 2% + k(j%ﬁngent to the curve. [3]
Find the values of k for which the line y=Av - 2 meets th e ),2 =4x—x°. [4]
11 a
The line y=3x+k isatangent to the curve .r+.ry+@.
(i) Find the possible values of k. \@' (3]

(i) For each of these values of k, find the cm@(@és of the point of contact of the tangent with the
curve. (2]
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Answers
1 s |
.2 :
2 ke-6. k>2
3 [i) P:-Z, q=-|5 (f” r=16
4 m =-3 P(2, 8)
k<-4

5
6 (i) 0<k<d (i) k=4 (g )
7 (i) 3) (6. 1) (i) k-=85
8 (i) k=-1 (i) (=2 D

9 (i) x<-1 x>4 (i) k==3

10 k20
11 (i) k=216 (i) (-2, 10) and (2.~10)
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FUNCTIONS

ynderstand the terms ﬂlmction, domain, range, one, one function, inverse function and composition of functions;
dentify the range of a given function in simple cases, and find the composition of two given functions;

. petermineé whether or not a given function Is one-one, and find the Inverse of a one -one function in simple cases;
, [lustrate in graphical terms the relation between a one-one function and its inverse.

pUNCT! N
A relation between two sets is called function if all elements of first set a
rst set is called domain and its corresponding element in 2" set is called range or image.

re connected uniquely. The element of

fi
Graphically if any vertical line intersect the graph of function exactly at one point, then it is called graph of a

function.

g_r_.g;_gn.__.——!’-'fl""“—"ﬂ
If each element of 2™ set is the image of only one element of first set, then the function is called a one — one

function. Graphically, if any horizontal line intersect the graph of function exactly at one point, then it is called graph of

one-one function.

Composite function

A relation between more tha
unction, start solution by inner most part to substitute its value in the given relation.

n two sets (satisfying the all conditions of function) is called composite function. To
solve composite f

Inverse function

By inter changing domain and range of given function, the resulting function is inverse function. Graphically one-
one functions and inverse function are the reflection of each other in y = x. if any horizontal line inters?éin graph of

function exactly at one point, then the function is called one-one functions. A quadratic function is :@:Done function
till its turning point. %ﬁ
e
Graph of inverse function 5 @
To draw the graph of inverse function, find x and v ¢o ordinates of given fun o and its turning pint, its x —
intercept and y — intercept if possible. Then inter-change all these x, y coordinate{a draw it, which is the required

graph of inverse function. @
04

Expression of inverse function

To find expression of inverse function put given function e u@y and make x as a subject, then replace y by x
inanswer, the answer is expression of inverse function. &
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f glven simple function and intere
e of Inverse function find domaln and range 0 han
To find domain and rang ' range of given simple function. And range of inverse fu,,m::h
L

for Inverse function e, domain of Inverse function =

domain of given function.
iret find values of function at given values of %

nd three values of glven function. F
: #
Y= c-—lz—-. In range, with co ordinate of turning
4a
e as the sign of corresponding value

To find range of function fl
point always put < or » s

their y — coordinate of turning point l.e.
d other sign of inequality will be sam

according to minimum or maximum value an sig
largest value of function. If no value of x is given.

x. then write smallest value of function < range <
then put given value of xj

given function is x>any value,
domain of inverse function,

To find domain of inverse function, when domain of
hen replace that range as 2

given function and put o as other value of x and find range and t
given function in such a way that the

To change one function into other form of function, first reduce the
domain of required function can be replaced by the domain of other function in i

ts simple function form.
Exp: If f (x) = x2-4x+7, g (x) = x-2 for x >2

The function h is such that f = hg for h: x>0

Obtain an expression for h(x)

Sol: f (x) = (x-2)*+3, f=hg

h (8(x)) = (x-2)*+3

h(g(x)=(g(x))*+3

h(x)=x*+3
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Example
Express 3-4x —2x? in completed square form.

Start by taking out the factor ~2 from the terms which involve x:
3-4x-247 =3-2(x* +24). |
Dealing with the térm inside the bracket, x? +2x =(x+1)* -1,
so 3-4x-2x =3-—2(x1+2.x]=3—‘2{(1+1)2—1}
=3I-—2(x+1)2+2=5'—2(x+1)2-

Example
Express x ~8x+12 in completed square form. Use your result to find the ra0ge of the
function £(x) = #° ~8x+ 12, which is defined for all real values of .

2l -8x+12=(x-4)"-4.
_As (x—4)* =0 for all values of x, :
2 _gx+12=(x-4) -7 4,50 ()= -4,

Writing f(x) as y, the rangeis y=-4.
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s a one-one function, the graphs of y=1(x) and y = f(x)
e reflections of each other in the line y = x.
Example _ )
Express 3-4x-2x in completed square form.
Start by taking out the factor ~2 from the terms which involve x:
3-4x—h2=3-2(x3+ﬁ). ‘
Dealing with the térm inside the bracket, x* +2x = (x + )2 =1,
50 3—4:—2:‘=3_2(,=+2,,)=3;2[(“1)z_1}
=3-2x+1)? +2=5-2x+1)".

Example
Express x? —8x+12 in completed square form. Use your result to find the range of the
function f(x) = x* -8x+12, which is defined for all real values of x.
x? —8x+12=(x'-d»)2 -4,
" As (x—4)%=0 forall values of r, -

22834 12=(x-4)2 4= -4, 50 f(x)= -4,

Writing f(x) as y, the range is y=-4.

Enmp!e
For the function in Example 11.7.2, draw the
graphg of y =f(x) and y=f7(x). Y4 y=l+El
‘y=x
Example 11.7.2 showed that //2 P
fl(x)=1+vx+1, xeR, x=-1. / // y=x° -2

Fig. 11.10 shows the graphs of
y=f(x)=x*—2x for x=1 and
y=f"(x)=l+mf0r x=-1.You
can see that these graphs are reflections of
each other in the line y=1x.




2.4 Transformations: translations

You can transform the graph of a function by moving it horizontally or vertically.
This transformation is called a translation.

f(x + a) is a horizontal translation of —a.
f(x) + a is a vertical translation of a.

i frt3) fig+3 Note: We can write y = f{x), y = flx + 3)
and y = f{x) + 3 for these graphs.

Transformations: translations

Example 10
1
f(x) = glx) = -
Sketch the graphs of the following functions, marking on each sketch where the curve cuts the axes
and state the equations of any asymptotes:
a) f{x-2) b) g(x) -2
a) The graph of f(x) = x* is
YA
) . First sk'etch the graph of f{x), marking
/‘ where it crosses the axes.
e
76'—5
/
[
So the graph of f(x — 2) is
4 Translate the graph 2 units to the
/ right, so it cuts the x-axis at 2, i.e.
/j 2
Pl a franslation by the vector[ ]
o} 2 X 0
b) The graph of g(x) = 1
a
A Sketch the graph of g(x), showing
\ - the asymptotes with dotied lines.
\
\\
\“‘Hq___ .
— > -
\\\
\I
So the graph of g(x) — 2 is
i Translate the graph and the
Ya o .
“. asymptotes 2 units down, i.e.a
\ translation by the vector
0 e— :i .
...... 0 (.
=T
\ Write these equations on or below
i ‘ the graph.
The equations of the asymptotes are x = 0 and y = -2.




2.5 Transformations: reflections

You can transform the graph of a function by reflecting the graph in one of the axes.

—f(x) is a reflection in the x-axis.
f(-x) is a reflection in the y-axis.

(x) —f(x) )
~
0 ] ’ 0

Transformations: reflections

Example 11

f(x) = x(x + 1)(x - 2)

Sketch the graphs of the following functions
a) 1+f(—x) b) —f{x+3).

Sketch the graph of f(x), marking
where it cuts the axes.

First reflect the graph in the
y-axis.
The graph of 1 + f{—x) is
Y&
\ N Then translate the graph 1
| {- \ ~#—————— unit up and show where it
W cuts the y-axis.

b) The graph of f(x) = x(x + 1)(x - 2) is

Sketch the graph of f{x), marking
where it crosses the x-axis.

The graph of f{x + 3) is
Y
| First translate the graph 3 units to the left, i.e.

AN ,’ o translation by the vector =3
}f4 ! 0
N/

o

The graph of —f{x + 3) is

) Ya
\.V/’ \
43 _3\

<«———— Then reflect the graph In the x-axis.

Funrtinne and tfrarmceformabnne




Practice Questions

Exercise #1

4. _
——— , where xeR@nd x #

=5, ﬁ;d the values of

1 Given fixH 7
@ fC-1), (b) - 1(-4), (© f3)-
Given 8: xl-r%+§.whem xR and x #O.ﬁndthcvaluesof
® (-4 © &@)-

2 @ sCD.
3 Find the natural domain and correspondin
(&) fixP x?

(d fix x> +5

) f:x > co8x”

(e) f:xH:?l-;

g range of each of the following functions.

© f:xH-Jx-s

o f:xHx(4—x)

@ fixo(1-47=3)

® f1x > x(4-x) (h) fixp X2 +4x+10
4 Given that f: x> 2x+1 and g:xHSx-—S.where xeR,findthevalue of the following.
(@) gf(h) ) gf(-2) ) fg0) @ f&(?
@ f(S) ® f(-5) @ 28® ® ge(23)
alues of a and b.

5 Giventhatf:xt-)axwandmat
6 For f: x b ax+b, f(2)=19 and

7 The functions f: x> 4x+1and
of x.Show that a=3b+1.

Giventlwfunctiohf:xl-)x-ﬁ.xe
8 @ 7@, ©® £1(1),

)  find the inverse of each of the
(a) f:x|->6x+5.xeR

© f:xi—-)4—2x.erR
(e) f:xH2x3+5,xeR

) f:xH;é_-I,xeRandx:tl
@) f:xH(Zx-B)’—S,xeRnndx?%

ff: x> 9x-28 .findmcpossiblcv

££(0) =55 - Find the possible values

g:xHax+b are such that fg = gf

R, find the values of
@ 6, © f“f(—&

following functions.

of a and b.-
for all real values

(C) f-l (—3) ’

©
x+4 @

(b} f:xr—a-—-—.xER
5 @y

@ fam it r e




2.6 Transformations: stretches

You can transform the graph of a function by stretching

(or compressing) the graph horizontally or vertically.

af{x) is a stretch with factor 4 in the y-direction.

f(ax) is a stretch with fztctn:)rl in the x-direction.
a

1(x) 3ttx)
YA 1y

Transformations: siretches

(2x)
a

Note: af(x) means multiply all the
y-values by a while the x-values stay
the same.

flax) means divide all the x-values by a
while the y-values stay the same.

Example 12

Sketch the graphs of
a) -2f(x) b) f(-3x)

down their coordinates.

T

—_—l

\ [x
T

A-1,-4) \
|
|

B{3,-36)
The graph of —2f(x) is

1/}
8(3, 36)
a

/)
[

/|

The diagram shows a sketch of the curve f(x), which passes through
the origin, O, and the points A(~1, —2) and B(3, —18).

In each case, mark the new position of the points O, A and B, writing

< —

A-1,-2) \

Apply a stretch with factor 2
in the y-direction, i.e. keep
the x-values the same,
double the y-values.

Then reftect the graph in
the x-axis.

Apply a stretch with factor
% in the x-direction, i.e.

divide the x-values by
3, keep the y-values the
same.

B Continued on the next naoe




The graph of f(—3x) is

L

"

o
Al % 2)

the y-axis
]

\ /
%
B(-1, -18)

Then reflect the graph in

Exercise 2.6
1. a) Sketch the graph of y = f(x) where f(x) = 16 — x*.
b) On separate diagrams, sketch the graphs of
i) y=1(2x) ii) y=4f(x) iii) y = f(—4x).
Mark on each sketch the coordinates of the points where
the curve cuts the axes.

The diagram shows a sketch of the curve f(x), which passes

through the origin, O, and the points A(-2, 8) and B(1, —1).

On separate diagrams, sketch the graphs of

Q) y=4fx) b) y=f—x) O y=-2ix+1) d) y=1+f-2x).
Mark the new position of the points O, A and B on each
transformation, stating their coordinates.

The diagram shows a sketch of the curve f(x).

The curve has a horizontal asymptote with equation
y = 1 and a vertical asymptote with equation x = 0.

On separate diagrams, sketch the graphs of
a) y=1f(2x) b) y=-3t(x)

c) y=2f(x-3)

Al-

b/

2,8)

B(1,-1)

d) y=4—f{é—x) ) y=3+ 4f(x) ) y=4f(—%x).

Mark on each sketch the equations of the asymptotes and, if
possible, any points where the curve cuts the axes.

The graph of y = f(x) is transformed to the graph of y = —f(2x).

Describe fully the two single transformations that have been
combined to give the resulting transformation.

The graph of y = f(x) is transformed to the graph of y = 4 + 3f(x — 2).

Describe fully the three single transformations that have been combined to give the resulting

transformation.



10

11

12

51

Answers:

@1 ®d4 (1

(a) 1 () 4 (c) 65

(@ R\ f(x)>0 ®) R-1=f(x)=1
© x=23fx)20 (@ R(f(x)=5

(€ x>0,f(x)>0 (O R,f(x)<4
@ 0=<x<4,0<f(x)=2

) R f(x)=6 1) xb3,f(;lvc)§30 .
() 4 (b) -14 () -9 (d) 33

© 2. ® -17 @ 16 = @ 0.
a=3,b=-Tora=-3,b=14

6 a=4,b=110ra=4%’b=1{}

(@ 10 ®) 7 () 3
@ 5 (e -4

(@ yPi(y=5) @) yr5y-4
(c) }’H%("*-)’)_ (d) )’l—-)-;_-(Sy-—?}

! 1
© yof0-3) @ yo e
@, yl—égﬂ.y:ﬁo |
@) yPy=7-2,y=7
& ypi3+{y+5)y=-5
§)] yr—)3+qiy+9,y¥=—9
i (8) f{x)>-1 1
M) x> 2+vx+lx>=Lf" (x)>2
. (a). f(x)>3 :
®) xl—i-2+(x—f3]2-‘,x>3;f'l(.x)>2_
b k:—l ’

@ f(x)=5
®) xP-l- x-5,x=51"(x)s-1



past Paper QUESTTTS

Functions
The function risdeﬁnedbyf=IHﬂI+b- for x € R, where a and b are constants. Itis given g
f(2) =1 and £(5) =7
mFmdﬂ-.gvnluesofanndb. ¥
(i) Solve the equation ff(x) = 0. ;
The functions fand g are defined as follows:

f:xn—a).‘z—.".x, x€eR,
g:x— 2x+3, xeR.

@) Find the setof values of x for which f(x) > 15. 3]
(i) Find the range of £ and state, with a reason, whether f has an inverse. [4]
[3]

(iif) Show that the equation gf(x) = 0 has no real solutions.

(iv) Sketch, ina single diagram, the graphs of y = g(x) and y = g~! (x), making clear the relationshit
[2]

between the graphs.
Functions f and g are defined by
f:x»k-x forxeR, where k is a constant,

9
g:x—
x+2

forxeR, x#-2.

on f(x) = g(x) has two equal roots and solve the equation

(i) Find the values of k for which the equati
f(x) = g(x) in these cases. [61
@ii) Solve the equation fg(x) = 5 when k=0. 3]
(iii) Express g~ (x) in terms of x. 2]
The function f is defined by f: X+ 22 — 12x + 13 for 0 < x < A, where A is a constant.

where @, b and ¢ are constants. 31

(i) Express f(x) in the form a{x + EJ]2 +c,

[
12

(ii) State the value of A for which the graph of y = f(x) has a line of symmelry.
(iii) When A has this value, find the range of f.

The function g is defined by g : X 2" — 12x + 13 forx 2 4.

(iv) Explain why g has an inverse. [1]

[3]

(v) Obtain an expression, in terms of x, for g" (x).



g

g

6

7

5

53

mﬁxmtiomt'nndgmd:ﬂmd for x € R by
£1xesdx=20
gixe 5x43

(1) Find the range of f. 21
(if) Find the value of the constant k for which the equation gf(x) = k has equal roots. 3]
The function f is defined by f: x ;:31, xeR, x# -._}

(i) Show that fi(x) = x. 3]
(if) Hence, or otherwise, obtain an expression for £ (x). 12
Functions f and g are defined by

f:xr»2x+5 forxeR,
g:xm ;—f—i forxeR, x#3.
(i) Obtain expressions, in terms of x, for ' (x) and g~ (x), stating the value of x for which g ' (x)
is not defined. [4]
(if) Sketch the graphs of y = f(x) and y ="' (x) on the same diagram, making clear the relationship
between the two graphs. (3]
(iii) Given that the equation fg(x) = 5 — kx, where k is @ constant, has no solutions, find the set of
possible values of k. [5]
A function f is defined by f(x) = T forx 2 1.

(1) Find an expression for (x). \f}@ 2]

i) Determine, with a reason, whether f is an increasing function, decreasing @ﬂon or neither.
@) (1]
@iif) Find an expression for £~!(x), and state the domain and range of f = Qggb [5]

Functions f and g are defined by
frxi» 10-3x, XE R,

gixe

Solve the equation ff(x) = gf(2). Q\
&

S

ul
§
o el

(3]
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11

12

y——

Functions

and are defined by
Fonc frxe2%-3 xeR,

g i xes X+A%, xef.
[2]

(i) Solve the equation ff(x) = 11- "

(i) Find the range of g ;
@if) Find the set of values of x for which g(x) > 12. -
i = ual roots.
(iv) Find the value of the constant p for which the equation gf(x)=p has two €4
—— ——
Function h is defined by h : x+= 2 + 4x for x > k, and it is given that h has an inverse
[1]
(v) State the smallest possible value of k.
[4]

(vi) Find an expression for h~!(x).

The function f is defined by f : x +> 22 —6x+5 forx €R.
() Find the set of values of p for which the equation f(x) = p has no real roots. [3]

The function g is defined by g : x > 2x* — 6x+ 5 for 0 <x<4

@i1) Express g(x) in the form a(x + b)* + ¢, where a, b and c are constants. [3]
@it1) Find the range of g. [2]
The function h is defined by h : x — 22 — 6x+ 5 for k € x < 4, where k is a constant.
(v) State the smallest value of k for which h has an inverse. [1]
(v) For this value of &, find an expression for h™! (x). [3]
31

(i) Express 2¢” + 8x — 10 in the form a(x + b)? +c.
— 10, state the least value of y and the corresponding value of x.  [2]

(3]

(if) For the curve y = 2" + 8x
@iif) Find the set of values of x for which y = 14.

Given that f - x — 2x* + 8x — 10 for the domain x > k,

(iv) find the least value of k for which f is one-one,

[1]
(3]

(v) express f~'(x) in terms of x in this case.



13 Functions f and g are defined by
f:tzx_sa xeR,

z_x' Ix# "

(i) Find the value of x for which fg(x) = 7. | 3]
3]
i3]

(i) Express each of f™'(x) and g™' (x) in terms of x.

(iff) Show that the equation f ~!(x) = g7'(x) has no real roots.

and y = £~ (x), making clear the relationship

(iv) Sketch, on a single diagram, the graphs of y = f (x)
31

between these two graphs.

14  The function f is defined by f : x +—» 2x* ~8x + 11 forx € R.

(i) Express f(x) in the form a(x + b)* + ¢, where a, b and c are constants. (31
(ii) State the range of f. (1]
(iii) Explain why f does not have an inverse. (1]
The function g is defined by g : x +— 2.2 —8x+ 11 forx < A, where A is a constant.
{1l

(iv) State the largest value of A for which g has an inverse.
-1

(4]

(v) When A has this value, obtain an expression, in terms of x, for g~' (x) and state the range of g

15
The function f is defined by
f(x) =x* —4x+7 for x>2. @
@ 31

@)@y 3]

(i) Express f(x) in the form (x = a)? + b and hence state the range of f.

¢ domain of f~'. 5

&
glx) =x~2 for x> 2. &%
n h is such that f =hg and the domain of his x > 0. @QQ
(iii) Obtain an expression for h(x). @ m
The functions f and g are defined for x € R by Q\
16
fix— 3
g:xvm b=x, '

where a and b are constants. Given that ff(2) = 10 and g'(2) =3, find
[4]

(ii) Obtain an expression for f° 1(x) and state th

The function g is defined by

The functio

(i) the values of a and b,
[2]

(ii) an expression for fg(x).
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17 The function f is defined by f:x1 x° - xforx eR.

(1) Find the set of values of x for which f(x) > 4. ;
(i) Express f(x) in the form (x - a)* - b, stating the values of @ and b. o
(i) Write down the range of f. ;
whether f has an inverse. n

(iv) State, with a reason,
ed byg:xn-—rx-3\/xfor.r30.

The function g is defin
(v) Solve the equation g(x) = 10. [3]
18 A function f is such that f(x)=\/(f-;—3) +1, forx > -3. Find
- (i) £~'(x) in the form ax’ + bx + ¢, where a, b and c are constants, [3]
(i) the domain of f~'. [1]
: 19 Functions f and g are defined by
: f:x—>3x+2, xeR,
g:x—4x-12, xeR
Solve the equation f~!(x) = gf(x). [4]
20 The functions f and g are defined by
4
f(x) ==-2 forx>0,
x
4
glx)= ) forx 2 0.
(i) Find and simplify an expression for fg(x) and state the range of fg. [3]
(i) Find an expression for g~ (x) and find the domain of gl [5]

..
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Answers

, Ma=2.b="3M225.

ngeo!yls f(ix) 2 -1
HOWMMH 1
[or gix)=0 — f(x)=—372.

Elther inverse as mirror image In y=x
ory = §"'(x) = % (x-3) drawn
AAY

k= -8, rootls - §.
=51 —x=T]
9"(")'%-2“9—21

@ 2% - 12x+13=2(x—3)*—5

3

X

ey Symmetrical about x =3. 4 =6.

One limit is —5

(i) nit is
Other limitis 13

(@v) Inverse since 1:1 (4> 3).

Makes x the subject of the equation

™)
Order of operations correct

x+5

() Tumingpointatx = L.
Rangeis < 2.

(i) » k=13

3
L
@ 2x-1

(i)

(i) = g'=243 reR x=0 (ifi) 0<at<§9i

b |

x=5
2

R |- 4
(i (1-3x)*

domain of {~(x) is; ~2.55x<0 rengeof f°

(i) f(x) is an increasing function. (iii) £~'(x)= 3;5

(x)is: f(x)2l

[+4]

g=2 10 () x=5 (i) glx) 2 =4 (i) <=6 x>2
(iv) p==4 (v) k=-2 (vi) h'(x)=vx+4 -2
Y +4 (i) Lsemsis

3e2r-1
2

1 () P<3 (i) 2(x-
(iv) k-_-% (v) h_l(I]=

12 (i) 2+ 2 =18 (i) x==2 (i) x<-6, x22(v) k=-2 ]

) =—2+ ’%E

13 (i) x--;- (if) r-'(;)--‘-‘-;i (iif) =31 <0
(iv) £ is 1 reflection of the graph of {(x) in the line y=x.

14 (1)+20e-2)" +3 (i) £(x)23 (il f is not & one-one function.

(iv) 2 (V) r'm-:-g (vi) 87 (052

.. 3 9 9
17 (i) x<-1 =d x>4 (i) a=3- b= (iii) rErE=7

(iv) f isnota 1-1 function. (iv) x=25
15 (i) fixz3 (i) i =2+x-3 x23 (iii)h(x)=(x)* #3

16 (i) a=-2 b=8 (i) 22-6%

18 (i) 2 -4x-1 (i) fyzl , xzl

K=3

19
(i) g'(x)=(4-2x)/5x

20 (i) fg(x) = 5x
0<x<2

Range of fgis y 20
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Binomial Expansion

n Factorial
|
) }mﬁal =0 (O )-2)(0) .

0! is defined to be equal to |

This function is availablc iy most scicntific calculators.

E "Cror(:)
nCrDI‘(:) =:l-(-sl:ﬁ

(#om ) [oo,-f2) ox

(3“1 term, rzz) | "Cp = (n] =nln-1) n(_n -1)

(4‘“ term, r=3) PCy= "‘) =nn-1}n-2) =n-1)n-2)
3 6

3 3x2x1
n+1™ term, r=n L) =("'] = nl .nl n!
( ) ®ln nln=n)1 = Rio1 = R1=1

T
An Important concept in binomial theoreme
there is a total of (n+1) terms for any expansion (as0)"
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If n =0, rcan only be 0, (the expansion has only 1 term
Ifn=1, rcanonly be 0 or 1. (the expansion has 2 tem:
Ifn=2, rcanonly be0, 1 or 2 (a total of 3 terms) :
If n=23, rcanonly be 0, 1,2 or 3 (a total of 4 terms)

Ifn=k, rcanonly be,1,2,3 ... k. (atotal of k + | terms)

BINOMIAL EXPANSION
e The formula for the expansion of binomials raised to exponential powers:
Binomial (a +b)"
Theorem = n n o Ll
"C,a"b’ +"C,a™'b'+ °C,a"?b? +...+ __p?n‘lfa'!-b =4+ "C,a’h"
) term

(a +b)"
n n

f (D) a™h® j_ (1) an-ib_‘ oE (g) an-zbz oo = C) an™"h" = (:) GOEO_':
1¥tterm 2ndterm zfdurm_-' general — e :::m

term =p"
(r+1th cerm)

rs of b are in ascending order.
he power of the binomial.

s level, we are

e The powers of a are in descending order while the powe
The sum or the powers of a and b in any term is equaltot

In the above formula, we make (a + b) as representative of all binomials. At thi
only concerned withn as a positive integer.

When the power is n, there are altogether n-+ 1 terms.

The general term represents all the terms in the expansion (you only need to Q}xgember

apply binomial theorem.

it to

[Q] Given that the expansion of (2 +x}* (1~ ax)7? in ascending powers of Qis# — 80 +

bx?. Calculate the value of a and of b. @
: %

SOLUTION @/‘5}
R

1—ax)’ = 147C, (—ax) +7 C(—ax)* wu oo &

=1 — 7ax + 21a?x?
(2 + )31 —ax)” = (4+4x +x?)(1 —Tax + 21a2x@ o)
=4+4x-—-28ax+x‘—28ax" 4o

= 4+ (4 - 28a)x + (1 - 2863 4a?)x? + -
Since (2 + x)2(1 —ax)’is 4 — 80x + bx? QN
= (4 — 28a) = —80 5
—28a = —84 QQ

~a=3 (Ans)
b = (1 — 28a + 84a?)
=1 —28(3) + 84 (3)?
= 673 (Ans)



xpansion of 1+ 2x)(1 - x)° as far as the term in  x*. Hence

Q) Write down the €
estimate

SOLUTION

g Y sy
(1 —-x)' =1+ 8("3)"“‘63(—'3)"*'364( x) ‘:
_ 1 —Bx + 28x? + 56 (—x)* +70(* ) LN
=1-8x+28x%+ 56x3 + 70x* + -
) =(1+20)(1—-8x+ 28x? — 56x2 4 70x* + )

(1+2x)(1-%
— 56x3 + 70x* + 2x — 16x2 + 56x% — 11x* + -

=1-— Bx+ 28x?
=1—6x + 12x% — 42x* + .
Letx =0.,
= 14x0.8°~1-6(02)2—42(0.2)*
~ 0.2128 (Ans)
GENERAL TERM FORMULAE

Finding a specific term in the expansion

e If we want to find any specific term in the expansion, apply general term formulae.
The general term represents any term in the binomial expansion

General The general term, or (r + 1) term, in (a + b)™ is

Term " i
Formulae Try1 = C) a®"h"

e The general term is (r + 1)*" term since r = 0 gives the first term (denoted by Ty), r =
1 gives the second term (T2) r= 2 gives the third term (Ts) and so on.
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[Q]  Evaluate the term which is independent of x is the expansion of (x' -1

z”
SOLUTION
Tray =10 C,(x*)10 (__l_)r

2x2
= x30-57 = x0

=10 ¢, x30-3r (_i)r (z_i_) = 30-5r=0
2 2r r=6

=10 ¢ (_ ,;;)r (x30-57)

: 6
% Te4q gives Tth term =19 ¢, (— %)

"~

The term independent of x is the 7" term and the value is 35 -9- (Ans)

Use the general term formulae to regroup X, Then solve for r by equating the index
of x to the required index. r+1 gives the panicular larm
To understand this, if we apply binomial theorem to f' nd the ?“‘ term, you should see that this

is the particular term that has x being cancelled out:
1¥° 1 1
Tr:_ 10 c (13)4( ) =10 ngu (___ 26 T =16 CE (—.F

[Q] (a) Write down the fourth term in the binomial expansion of the functlo@%

x + in its simplest form.
(px+2)"in s simp ) @9
(b) Find the value of n if the fourth term is independent of x, “0\5)
(¢) Write this value of n, calculate the values of p and q, gi ¢athat the fourth term
is equalto 160and p—q=1,p,qeZ*. N
SOLUTION @

@ (px+5) o @@:
=" GEO" @) @
Ve

=n C3 » pn-S ,xu—3-3

="Cy-p"?eq-x" (Ans)
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b) i e g
n-6=0
n =6 (Ans)
<) To=*Cy:p’+q°
= zoplqi
d) 20p3q® = 160
(rq)’ =8
.7 B JPRI (: |}
p—q=1
P=14qciiinecine(2)
Sub (2) into (1):

(1+q)g=2)
q+q?=2
q+q* =2

g*+q-2=0

(g-1D(@+2)=0
q=1lor-2(rej) (Ans)

Sub g =1 into (2)
r=1+1
= 2 (Ans)
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Example
Use the Binomial Theorem t
expansion of m to expand (1 + b)'. Hence deduce the
(@) (1-b), ®) (I + 2",

(1+8) =14°Cb+3Cb? +3Cb" 4 5C* + 4
=l+Sb+ll)b‘+lob’+Sb‘+‘:’+ u
@ (-b°=[1+HP
= 1+ 5(-b) + 10(=b)? + 10(=b)’ + 5(-b)* + (=)’
=1-5b + 10b* - 10b* + 5b* - b°

() Letd =2x
(14 20° = 1 + 5(2x) + 10(2x)? + 10(2x)° + 5(2x)* + (20°
=1+ 10x + 40x* + 80x" + 80x* + 32x°

Find, in ascending powers of x, the first 4 terms in the binomial
expansion of (8) (1 +4x)% (b) (1-3x).

@) (1 +4x)°=1+5C(4x) + °Ca(dx)* + *C5(4%)’ + ...

= 1 4 6(dx) + 15(16x%) + 20(64x°) + ...
=1 + 24x + 240x% + 1280x° + ...
®) (1-30"=[1+ 307
=14 'Cy(=3x) + 'Cx(-3x)* + TCy(=3x)* + ...
Example =1+ 7(=3%) + 21(9x%) + 35(=27) + ..
=1-21x + 189%% - 945x° + ...

12
Find the terms in x* and x* in the expansion of (1 - ;‘) . Hence

2
find the cocfficient of X° in the expansion of (3 + ?.r‘)[l - %) 4

fo (1-3)" <[+ (2] weminrsrael3) - S

) @)
For 2, Ts = ""Ca(- ;f: 66({;1] =25 @f’
' N

R G B R
&

i . 165
- coefficient of x° is - ==
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Example Find, in descending powers of x, the first 4 terms in the binomial
expansion of
6
1
® @-3 o (x+5)
() (2x-3)
=[2x + (3)P°

= (2x)° + 5C1(20)4(=3) + 3Cx(2x)(-3)? +°C3(2x)*(-3) + ...
= 320 + 5(16x")(-3) + 10(8x")9 + 10(4x*)(-27) + ...
= 32x° — 240x* + 720x° - 1080x? + ...

(b) (x + %’)a =x+ GC,H(:—,] + “C;x‘[x—'z);t + ‘C‘;.r‘(x—':r +...
=x*+6x°+15+ %’ +

Example "
Given that (p - %xJ =r—-96x +sx’+ ..., find p, r and s.

S AANES

= p° + "C,pj(——zl—x) + GCzp“ (—%x]_ + ...

&

2>

=p°-3p’x + -I?S-p"r"+

p°-3p°x + %p‘fz r—96x + sx°
Comparing coefficients:
x:=3p=-96 = p’=32
= p =2
Xr=pt=64

xhs= Ep'1 = 60
4
In each of the following expansions, find the indicated term. >

2l 12
(a) (2 + *?] , 7th term (b) {2.}: - ‘—t] , term in -}_: @

12
(b) For [2x - xl] i Trwn =R

Powerof xin7T,., =12 —r - 2r
=12 - 3r

a2yl £Y
(a) For (2 + -%-J i o= “c,z“-r[?]

556
A= "cﬂzﬂ[l_‘] |
? ’ For o5 (ie.x™), 12 -3r=-15
6
) 462(25)(%) (J'J)ﬂ 1 r=9
= 23112 . the term in or = 12Cy(2x)(—x2)°

- 1760
IH
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Practice Questions

Exercise #1
Expand each of the following:
@) (1 -2 () (1 + 3’ © (-

Show that (1 + yx)’ = (1 = yx) = 104X + 20x4x + 22 x. Hence deduce the
value of (1 + ¥2)' = (1 = V2)".

Find the ﬁrst 4 terms, in ascending powers of x.. in the following cxpanSlOﬂS
@ (1+x)" (b) (1-x" © (1-20'
@ -+ € (-3 o (1+x
B
PN AL . 2 ]
® (1-2¢) (h) (1 - -ixa) §) [1 + y

3
Find the non-zero values of a and b for which (2x - a)’ = 8x’ - b + 5bx - a.

5. Find the first 3 terms, in ascending powers of x, in the expansion of (1 -2x)’ and of

(2 + x)°. Hence expand (1 — 20)°(2 + x)° up to the terms in x’

. Find the indicated term in each of the following expansions.

(@) (2 +x)" 7th term (b) (3x-2)’, 4th term

12
© (r-2%)", 5th term @) [x + 5}5] . middle term

10
. In the expansion of (x“ - l} , find
X

1
(a) the term in x", (b) the coefficient of —, — (¢) the constant term.

5
. Expand [-;: & 2x] up to the term in x’. If the coefﬁciem of x* in the expansior@vj}

s ©
2 (1 . 13 A 3 Rl
(1 +ax + 3x°) [— - 2x1 is =, find the coefficient of x". @
@5
. In the expansion of (1 + x)(a - bJr)|2 where ab # 0, the coefﬁcmr@i\f is zero.
a
Find in its simplest form the value of the ratio . @
2%
N4
,e \\\:lr
X
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Answers
(b) 1 + 15x + 904 + 270¢ + 405x" + 243y

5 (l)l-ax+24.\‘—32.r'+16x"
(©) 1 - 6ax + 154" - 20a’c + 15a's - 64’ + a’%’ 2. 5842
3, (a) ]+ 108+ 45+ 1200 +... (b)1-m+66f—220r'+...
(d)1+18x+ 144 + 6728 + . ...

(©)1-16x+ 11284 =448+ ...
(€)1 -24x+ 2528 - 15120+ ... (D 1+9¢+ 36" + 84+ ...
(g)l-l4.\’+84.r‘—280.r°+... (h)l-8f+30,r‘—70x’+...
(i)l+-125+“2:2+i4-%i+... 4.a=3b=36
y y ¥y
-+ 32 - 496x + 324827 + . . .

5.l-18x+l4-4.r’+.,.:32+80:+80.t3+..

6. (a) 3360x° (b) 489 888¢  (c) 3360xy* ) 14 116;4

7. (8) 3360x™ (b) 15 360 (¢) 13 440 '
1.5 e 33] 5

8. 2 8:-!-5.:‘-201:{-.-.--:-33; 9.-§
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Past Paper Questions

Binomial Expansion

125

1 Find the value of the coefficient of '.]E in the expnnslgn of (7.: - }') . (31
2 Find the coefficient of x* in the expansion of
@ (1+2x)5, [31
an (1-=3x)(1 +2x)5. 13}
(1) Find the first 3 terms in the expansion of (2 — x)® in ascending powers of x. 31
(1) Find the value of k for which there is no term in 22 in the expansion of (1+kx)(2 "x)ﬁ- (2]
4 The first three terms in the expansion of (2 + ax)”, in ascending powers of x, are 32 — 40x + bx*. Find
5 the values of the constants n, a and . 5]
(i) Find the first 3 terms in the expansion, in ascending powers of x, of (2 +x°)’. (3]
(i) Hence find the coefficient of x* in the expansion of (1 + 2R2+2). B3]
6 (i) Find the first 3 terms in the expansion of (2 + 3.r:)5 in ascending powers of x. 3]
(ii) Hence find the value of the constant a for which there is no term in x* in the expansion of
(14 ax)(2+3x)°. [21
7 (i) Find the first 3 terms in the expansion of (1 + ax)? in ascending powers of x. [2]
(i) Given that there is no term in x in the expansion of (1 — 2x)(1 + ax)®, find the value of the
constant a. 2]
(iii) For this value of 4, find the coefficient of X2 in the expansion of (1 —2x)(1 + ax)’. [3]
8
(i) Find the terms in x* and x* in the expansion of (1 - i), (3]
.

(i) Given that there is no term in x* in the expansion of (k + 2x)(1 - ), f@#ﬂe value of the
9 constant k. 2
The coefficient of x> in the expansion of (a + x)° + (2 —x)® is 90. Fi value of the positive
constant a. 3 [5]

10  Find the coefficient of x* in the expansion of @

l 6

o (2-5). @ﬁ? 2

; &
Ji \@)@ )

: . - <, s fx 4 5
Find the coefficient of x” in the expansion of X ( ) .

(i) (1+x2)(2x—%

11

—— —

(3]
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13

14
15
16

17

18

19

20

21

22

23

24

25
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(I

| 6
n the expansion of 3x+1)(2- x)".

@) Find the coefficient of i

Find the term that is independent of x in the expansion of

@ (x-%)ﬁ,
(i) (z+%)(x—%)ﬁ-

3 4
. . . _) .
Find the value of the term which is independent of xin the expansion of (x -

5
Find the coefficient of x in the expansion of (Sx - ;) ;

2.6
Find the coefficient of x” in the expansion of (x + ;) ;

(i) Find the first three terms in the expansion of (2 + u)* in ascending powers of u.

(ii) Use the substitution # = x + x> in your answer to part (i)
5
expansion of (2 +x+x%) .

5. . x 2)\6

Find the value of the coefficient of x* in the expansion of (-2— + ;) a

to find the coefficient of X in the

L

3

bl
!
B3

i . B . o
() Find, in terms of the non-zero constant k, the first 4 terms in the expansion of (k+ x)° in ascendin

powers of x.

(ii) Given that the coefficients of +2 and & in this expansion are equal, find the value of &.

(i) Find the first 3 terms in the expansion, in ascending powers of x, of (1 —2x%)%.

(ii) Find the coefficient of x* in the expansion of (2 -2 (1 ~-22)%

(i) Find the first 3 terms in the expansion of (2 - y)? in ascending powers of y.
(if) Use the result in part (i) to find the coefficient of x? in the expansion of (2 — (2x— 13))5-

7
In the expansion of (x2 - %) , the coefficient of x° is —280. Find the value of the constant a.
- % 7 & LN Y T
(i) Find the first 3 terms, in ascending powers of x, in the expansion of (1 + x)°.

The coefficient of x> in the expansion of (1 + (px +x%)) is 95.

(if) Use the answer to part (i) to find the value of the positive constant p.

In the expansion of (x + 2k)’,

where £ i . : 4
R thecvsig ek is a non-zero constant, the coefficients of x* and x° are 4

In the expansion of (3 -2x) (l + i)
hence find the coefficient of x2.

n
2/ the coefficient of x is 7. Find the value of the constant 7 o

3
¥

U

ud
|

(6l
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Answers
1 memciemof%-—do

2 (i) coefficient of £ =160 (ii) coefMcient of & =20
3 (i) 64=192x+240¢’ (i) x=2

4 n=35 a--% b=20

s (i) 132+80x" +80x* (fi) coefMicient ofx‘ =272
6 (i) 324+ 240x +7205° (i) a=-3

7 (i)=l+$af+10a::= (ii) "'% (iif) —2.4

g (i) -1352 (i) k=l

9 a=5

10 (i) co=fMicient of x” =60 (i) cocflicient of x° =40
11 coefficient of x* ==145

12 (i) 240 and 160 (ii) coefficient of x* = 560

13 (i) -160 (i) term independent of x = -140
14 54

15 coefficient of x =1080
16 coefficient orf =60
17 (i) 32+ 80u + 801’ (ii) meﬂicimtoffﬂﬁﬂ
18 coefTicient of X = %5-

19 (i)=k‘+3x-?;+zs&°.r=+56k’x’ (i) k=2
20 (i) 1-16+112¢*- (i) coefficient of x* =240
21 (i) 33_80J.+39J,=. (ii) coeﬂicicntof;r:r—-dﬂl}
22 a=2

23 (i) =l45r+10x° (iy p=3

24 =

10
25 n=06

69
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decrees;
and sector area of a circle,

ip between range

syllabus:
ning the arc length

derstand the definition ofara
GandA=

dian and use the relationsh
in solving problems concer

¢« Un
Use the formulae s =

RADIAN MEASURE

The measure of angle subtended

arc equal in length to the radius is called radian.
the ratio of the arc length to the length of the radius. Radian has no unit

at the centre of a circle by as
The size of the angle is

of measurement.

Relation between radian and degree measures

If 0 is the angle of semi circle with radius T’

1
then arc length S = 2 x2m =mand in radian 0 :

s 7T :
2 = @=nradian
T § 3

1802 = w radian
to change given angle into degree, multiply it by

To change given angle into radian multiply it by m/180 and

180/7.

Arc length is denoted by 's’. s =T 0 where 8 must be in radian.

Area of sector is denoted by A1 A= % r2PO0R A= —rS
2

perimeter of shaded region = sum of all outer boundaries of shaded region.
7

— unshaded area OR shaded area = sur

Shaded area = area of whole figure
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Practice Questions
Exercise # 1

1
The diagram shows a metal plate ABCDEF which has : .
: been made by removing the two shaded regions
le of
from a circle of radius 10 cm and centre O, The parallel edges AB and ED are both of length 12cm.
() Show that angle DOE is 1.287 radians, correct to 4 significant figures. [2]
(if) Find the perimeter of the metal plate. 31
(iif) Find the area of the metal plate, [3]
2 A e B
|
|
[
|
I
]
|
o
In the diagram, OAB is an isosceles triangle with OA = OB and angle AOB = 20 radians. Arc PST
has centre O and radius r, and the line ASB is a tangent to the arc PST at S.
(i) Find the total area of the shaded regions in terms of r and 6. [4]
(ii) In the case where 8 = %x and r = 6, find the total perimeter of the shaded regions, leaving your
answer in terms of v/3 and 7. @ (51
3 O‘,
D
ﬁ@i
QL
&
0 =i 3
B 5&
In the diagram, AB is an arc of a circle, centre O and radius &cm, mdr& AOB = 3n radians. The
line AX is a tangent to the circle at A, and OBX is a straight line. @
\
(i) Show that the exact length of AX is 6/3cm. @\\Bj [1]

Find, in terms of x and '3, \

(ii) the area of the shaded region, 31
(iii) the perimeter of the shaded region. 4]
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PR
2em

f side 2cm. The mid-point of BC is Q. An
In the diagram, ABC Is an equilateral triangll::Il :e t:lAB LD SIAC R i ?fc‘:

d
a circle with centre A touches BC at O, an
shaded regions, giving your answer in terms of z and V3. 51

iX

B

In the diagram, AB is an arc of a circle with centre O and radius r. The line XB is a tangent to the
circle at B and A is the mid-point of OX.

(i) Show that angle AOB = 1 radians. [2]

Express each of the following in terms of r, ¥ and V3:
(ii) the perimeter of the shaded region, 3]
2]

(iii) the area of the shaded region.

/'/\\
/ 2
b4 //
(17N
In the diagram, OAB is a sector of a circle with centre O and radius 8 cm. Angle BOA is a radians.
OAC is a semicircle with diameter OA. The area of the semicircle OAC is twice the area of the sector

OAB.

(3]
(2]

(i) Find a in terms of x.

(ii) Find the perimeter of the complete figure in terms of x.

‘a5
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The diagram shows two circles, C, and C,, touching at the point 7. Circle C, has centre P and radios

g cm; circle C, has centre Q and radius 2 cm. Points R and S lie on C, and C, respectively, and RSis
a tangent to both circles.

(i) Show that RS =8cm. 21
(i) Find angle RPQ in radians correct to 4 significant figures. 2
(fii) Find the area of the shaded region. 4]

The diagram shows a thombus ABCD. Points P and Q lie on the diagonal AC such that BPD is an
arc of a circle with centre C and BOD is an arc of a circle with centre A. Each side of the rhombus
has length 5 cm and angle BAD = 1.2 radians.

(i) Find the area of the shaded region BPDQ. 41
(if) Find the length of PQO. @9@ 41

c B ©

s

y10 rad \
ol = @J)v A
The diagram represents 2 metal plate OABC, consisting tor OAB of a circle with centre O and

radius r, together with a triangle OCB which is right ed at C. Angle AOB =10 radians and OC
is perpendicular to OA.

(i) Find an expression in terms of r and @ for the perimeter of the plate. 31

(ii) For the case where r = 10 and @ = im, find the area of the plate. 31
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BD =DC=10cm and angle ABD = 0.8 radjap,

B=
?P%enﬁ?;éné gﬂﬁ m.-.l:l :?El:::ti'ue‘s% and D respectively-
12)
(@ Find the arca of the parallelogram ABCD. :
gure ABQCDP. !
[2]

(ii) Find the area of the complete fi
(ilf) Find the perimeter of the complete figure ABQCDP.

11
§ is @ radians.
The diagram shows a sector OAB of a circle with centre ¢ and r:_ldlus r. Aj},'gcl,?a‘ﬁfl)g'leliircular arc
The point C on OA is such that BC is perpendicular to OA. The point D ison
AD has centre C.
[11
(i) Find AC in terms of rand 8.
(i) Find the perimeter of the shaded region ABD when 8 = 1z and r = 4, giving your answer as [2:;;
exact value. .
12
2em
# iem <
: i i i - is an arc of a circle with centre A and
In the diagram. D lies on the side AB of triangle ABC and C 1
radius 2cm. The line BC is of length 2+/3 cm and is perpendicular to AC. Find the area of the shaded
region BDC, giving your answer in terms of 7 and V3. (4]
o y
13 N

w— B <’>
(%€ A e

shows a metal plate made by fixing together two pieces, OABE{ D {shaded) and OAED
OABCD is a minor sector of a circle with centre ¢ and radius 2r. The piece
O and radius r. Angle AOD is « radians. Simplifying

The diagram
(unshaded). The picce
OAED is a major sector of a circle with centre
your answers where possible, find, in terms of a, x and r,

(i) the perimeter of the metal plate, 3]
3]

(ii) the area of the metal plate.

It is now given that the shaded and unshaded pieces are equal in area.
(ili) Find « in terms of x. 2]



""gl.l aval
_,281 01282
2 shaded area = r’ (tan&-6)

perimeter = 1241243 + 47

3 Area shaded = 18V3 - 61
perimeter = 6V3+2x+6

4 Shaded region = \5-%

5 g=Am
(iii) Area= ér”ﬁ—%r’n

§ a-x
a 2 8+5n

7 :RS - 8 cm.

.angle RPQ = 0.9273 radians
—-)590 cm:

au] a0

6.70
1.75

75

10

11

12

13

Total area =55.2
Total area = 80 ‘ ;3.6
3
() AC=r—rcosd Perimeter=2+2V3—2

Shaded area =2v3 - =

L r

2ar+ra+2r
3?‘2& 2
—tnr

2

2
a=—i
5
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Past Paper Questions

A Bcm o ¢

The diagram shows a semicircle ABC with centre O and radius 8cm. Angle AOB = @ radians.
(1) In the case where 6 = 1, calculate the area of the sector BOC. &)

(1) Find the valuc of 8 for which the perimeter of sector AOB is one half of the perimeter o
sector BOC. [3)

(ill) In the case where 8 = %x, show that the exact length of the perimeter of triangle ABC j
(24 +8+/3) cm. B3]

6cm B 4cm 2

In the diagram, OCD is an isosceles triangle with OC = OD = 10cm and angle COD = 0.8 radians,
The points A and B, on OC and OD respectively, are joined by an arc of a circle with centre O and
radius 6cm. Find

(i) the area of the shaded region, [3]

(i) the perimeter of the shaded region. 4

A C9em 0 p C \ \ ﬂ@”ﬂ

In the diagram, ABC is a semicircle, centre O and radius 9 cm. The line BD is perpendicular to the
diameter AC and angle AOB = 2.4 radians.

(1) Show that BD = 6.08 cm, correct to 3 significant figures. [2
(i) Find the perimeter of the shaded region. [3]
(1) Find the area of the shaded region. 3l
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T

A

5 i ircle. The
The diagram shows a circle with centre O and radius 8cm. Points A and B lie on the circle
tangents at A and B meet at the point T, and AT = BT = 15cm.

3
(i) Show that angle AOB is 2.16 radians, correct to 3 significant figures. A
2
(ii) Find the perimeter of the shaded region. =
3
(iii) Find the area of the shaded region. =l

0 1Zcm

In the diagram, OAB is a sector of a circle with centre O and radius 12 cm. The lines AX and BX are
tangents to the circle at A and B respectively. Angle AOB = %ﬂ: radians.

(i) Find the exact length of AX, giving your answer in terms of v/3. [2]

(i) Find the area of the shaded region, giving your answer in terms of = and v/ 30(()@ [3]
Q

@a@v
&

N e

12cm

T
The diagram shows a circle with centre O and radius ?égg@rhe point P lies on the circle, PT is a
tangent to the circle and P7 = 12 cm. The line OT c@l

circle at the point Q.

(i) Find the perimeter of the shaded region. @g% [4]
(ii) Find the area of the shaded region.

[3]

R e
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into two regions, R, and R, by th |

i ith centre O. The circle is divided !
a circle with ¢ f the region R 15 equal to the lengyy, |

The diagram shows : !
radii OA and OB, where angle AOB = 6 radians. The perimeter 0

of the major arc AB.
(i) Show that 8 =7~ 1. (3]

of region R, is 30 cm?, find the area of region R,, correct (0 3 significant

(if) Given that the area
[4]

figures.

late made by removing a segment from a circle with centre O and radius

The diagram shows a metal p
of the circle and angle AOB = 2.4 radians. Find

R cm. The line ABisa chord
(i) the length of AB, [2]

(i) the perimeter of the plate, [3]
(iii) the area of the plate. (3]
X
. _
A 0

The diagram shows a square ABCD of side 10cm. The mid-point of AD is O and BXC is an ar¢ ofa
circle with centre O.

(1) Show that angle BOC is 0.9273 radians, correct to 4 decimal places.
(i) Find the perimeter of the shaded region.

(itf) Find the area of the shaded region.
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(i) In the case Where the gre

as of th

of the cons tant p for Wik b pes itlll‘laﬁ':ngle AOB and the segment AXB are equal, find the value
. 2
- (ii) In the Case where r — 8and g = 2.4 o
= 4.4, find the perimeter of the segment AXB (3]

A

0< )26 rad b'e Y
r
B

12

at P and angle POT = « radians. The line OT meet ircle at Q.

N

ROT in terms of r and a. [3]

The diagram shows a circle with radius r cm and centr;@p The line PT is the tangent to the circle

(ii) In the case where a = j{)—x and r = 10, find the area of the shaded region correct to 2 significant
figures. [31
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o a rem P "
In the diagram, OPQ is a sector of a circle, centre O and radius rcm. Angle QOP = 6 radians, Ty,
tangent to the circle at @ meets OP extended at R.
(i) Show that the area, A em?. of the shaded region is given by A = %rz(laﬂ 6 - 6). [2]
(ii) In the case where g = 0.8 and r = 15, evaluate the length of the perimeter of the shaded regiop
14 Ul [4]
rem
02 0
The diagram shows the sector OPQ of a circle with centre O and radius rcm. The angle POQ is
g radians and the perimeter of the sector is 20 cm.
20
(i) Show that 6 = = 2. [2]
(i) Hence express the area of the sector in terms of r. [2]
(iii) In the case where r = 8, find the length of the chord PQ. [3]
B
15
4
{7 rad
o 6 cm C —
In the diagram, AC is an arc of a circle, centre O and radius 6em. The line BC is perpendicularlo
OC and OAB is a straight line. Angle AOC = %ﬂ: radians. Find the area of the shaded region, giving
your answer in terms of 7 and v/3. 4]
16

o
In the diagram, OA B and OCD are radii of a circle, centre O and radius 16 cm. Angle AOC=¢ radit”*

AC and BD are arcs of circles, centre O and radii 10cm and 16 cm respectively.

1
(1) In the case where & = 0.8, find the area of the shaded region. &
' - 3
(1) Find the value of ¢ for which the perimeter of the shaded region is 28.9cm. ;
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K

b

{x
0 12em B

In the diagram, AOB is a sector of a circle with centre O and radius 12cm. The point A lies on the

side CD of the rectangle OCDB. Angle AOB = %}: radians. Express the area of the shaded region in
(6]

18 the form a(v'3) - b, stating the values of the integers a and b.

Oﬂmd

In the diagram, AB is an arc of a circle, centre O and radius rcm, and angle AOB =  radians. The
point X lies on OB and AX is perpendicular to OB.

(i) Show that the area, A cm?, of the shaded region AXB is given by

A=1r*(6—sinfcosf). [3]

(i) In the case where r = 12 and 8 = érr, find the perimeter of the shaded region AX5, leaving your

(4]
2
N
?‘

- answer in terms of 4/3 and 7.

@5
In the diagram, the circle has centre O and radius 5cm. T@l ts P and Q lie on the circle, and the
arc length PQ is 9 cm. The tangents to the circle at P :utl;@/‘ eet at the point 7. Calculate

(i) angle POQ in radians, 2]

&
(ii) the length of PT, @b@ [3]

(iii) the area of the shaded region. [3]

e ———————8



20
Q

i 0cm is bent 10 form the perimel
Eliec o g radians (see diagram).-

rcm and the angle POQ is
nd show that the area, Acm?, of the sector is giv
4

A=25r-r"
termine its nature. I

0 < -
meter of a sector poQ of acircle. The Tagy,

A picce O %
of the circle 18
en by

(i) ExpresS g in terms of 7 2
tationary value of A and de

(if) Given that r can vary, find the s
&

21

th centre O and radius 3 cm.

The diagram shows points A, C, B, Pon the circumference of a circle wi

Angle AOC = angle BOC = 2.3 radians.

correct to 4 significant figures. [1]
[4]

3 significant figures.

(i) Find angle AOB in radians,

(ii) Find the area of the shaded region ACBP, correct 10

22

a point X. Circle C, has centre A and radius
on C, and C, respectively and

le C, touching a circle C, at
radius 10 em. Points D and E lie

The diagram shows a circ
" 6cm, and circle C, has centre B and
DE is parallel to AB. Angle DAX = 1x radians and angle EBX = 0 radians.

(i) By considering the perpendicular distances of D and E from AB, show that the exact value of 8
(3]

issin"(%g),

[5]

(i) Find the perimeter of the shaded region, correct to 4 significant figures
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23
The dingmm.shows a sector of a circle with centre O and radius 20cm. A circle with centre C and
radius x cm lies within the sector and touches it at P, Q and R. Angle POR = 1.2 radians.
() Show that x =7.218, correct to 3 decimal places. ]
(i) Find the total area of the three parts of the sector lying outside the circle with centre C. [2]
» (iii) Find the perimeter of the region OPSR bounded by the arc PSR and the lines OP and OR. [4]
a
Ag 1 ! Fig.2
Fig. 1 shows a hollow cone with no base, made of paper. The radius of the cone is 6 cm and the _height
is 8 cm. The paper is cut from A to O and opened out to form the sector shown in Fig. 2. The cu‘cuiz_xr
bottom edge of the cone in Fig. 1 becomes the arc of the sector in Fig. 2. The angle of the sector 18
g radians. Calculate
(i) the value of 8, (4]
(ii) the area of paper needed to make the cone. [2]
: N3
- VQ
5

A

G

The diagram shows a triangle AOB in which JA s 12cm, OB is éé%nd angle AOB is a right angle.
Point P lies on AB and OP is an arc of a circie with centre A. PQ “0 lies on AB and OQ is an arc of

12cm

a circle with centre B. | .\@
(i) Show that angle BAQ is 0.3948 radians, correct :@@}ecimm places. [1]
(i) Calculate the area of the shaded region. @g [5]

s
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Answers
1 (i) 5ok (ii) : 0.381 radian
2 (i)215cem’ (ii)» 20.6 cm
3 (i) 1433 em (ifi) 117 cm?
4 (ii)=47.3cm (iif) 50.9 em’
5 () Ax =25 (i) (4843-24m)
6 (i)1259cm (i) :15.3 e’
7 (i) : 8.0’
8 (i) 149 cm (ii)46 cm (iii)l46 cm?
9 (ii) 7.96 cm*
10 (i) p=2 (i) 34.1units
11 =%r:{:rsin:l9~—_29+sin2£?]
12 (i) ra+rmna+°—u';-z—r(ii)34 em?
13 (i) :34.0cm
14 (i) Area=(0r=r?) (iii):3.96 cm
15  (ii): 6(33-x) cu®
16 (i) 624cem® (ii) a=0:65rad
17 a=54, b=24
18 (i) 2(7+9-3y3)cm.
19 (i)1.8 radians (ii)P7=63em (iii}9 em?
20 (ii)156.25 cm® ;A is a maximum
21 (i):1.683 rodians (ii)+14.3 cm?
22 (i) 1620 cm,
23 (i) 763 cm? (iii) :35.1cm
24 (i) 0= 127 radians. (ii) 607 em’

25 (i) 10,3948 radians (i) 13.1 cm®




TR

Syllabus:

Sketch and use graphs of the sine, cosine and

radians);

« Use the exact values of t
notations sin X. COS X tan x to deno
Use the identitie Sin®
e Use the identities —— =

Cos6

e Usethe

Find all the solutions of simple trigonometrica
not included).

BASIC ANGLE

The +ive acute angle between angle ray

counted clock wise or anticlock wise. Ca
sign of angle value only indicates the position 0

General angle

The angle counted form +ive x-axis to angle ray i

is +jve. If it is counted clock wise, its sign is —ive.
possible angles of any trig
using its si
which are the required angles.

Trigonometric ratios of complementary angles

Sin (90-8) = Cos ©
(3) tan (90-6) Cot ©

Trigonometric ratios of negative angles

For negative angles take sign of all trigonometric ratios in 4™ quadrant.

(1) Cost (-8) = Cos B

Solution of triangle

he sine. Cosine and tangen

te the principal values

tanﬁandsin29+C0529=1

Iculated ang
fanglerayin quadra

onometric ratio in given domain 0
gn. Then with the help of sign, draw angle rays in concern

102

|GONOMETRY

r angles of any size and using either dear
5y

tangent functions (fo

d related angles, e.g. cos 1502 = _l_v{g

t of 302. 459 602 an
metric relations; |

of the inverse trigono

pecified interval (general forms of solutio, ,
fe

T e

| equations lying in @5

alled basic angle. Its value always +ive eithe,
ut using sign of angle value is basic angle, Tp,
|d not be used in calculating angle,

and nearest x-axis is €
le by calculator with o
nt 'and shou

s called general angle. If angle is counted anticlock wise, its sign
All required angles are considered as general angles. To find out al
f function, first find its basic angle by calculator without
ed quadrants and find all possible general angles

(2) Cos (90-8) = Sin O 7

&

(2) Sin (-8) =-sin 6 (3) tan (-B) = - tan O

o solve right angled triangle, apply trigonometric ratios sine, cos or tan. To solve\ablique triangle (with n right

angle), apply sine Fiilg

a b ¢
Sind  SinB SinC

& :
r cosine rule. Sine rule

Co sine rule: a’=b%+c?-2bc Cos A
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_ rule is applicable, when two angles )
sine S Bles and one side of a triangle is given OR two sides and one of their
ire anE1e B
5
0

; i licabl
cosine rule is applicable when two sides and their included angle Is given OR all three sides are given.

e is in composite form i.e.
" e a_f‘EtL the doman of (ax+b) and :ﬁﬂb] Where a and b, are any constants, then first change given domain of
e e trTt‘.ﬂe angles in given domain, th en suppose composite angle equal to any simple angle like o or © and find
gl its p:ss;gle » then replace the value of substituted angle in general angle and find value of
yired 8na'=r )
any trigono i I
o find lvalue Oztri:ratigo " :;E;tgg:r;ur;ctmn if value of other trigonometric function is given, first draw angle ray of
wen trigonom™ ed quadrant and make right angled triangle with x-axis and given angle ray and

find unknown side of triangle by Pythagoras theorem and then apply formula of required trigonometric ratio and

. . 2
find its value. Exp: if x = Sin -1 (g ), find Cos x and tan x when 90 < x < 180.

. of tri onometric equation
W”J—

o T0 find solution of trlg?nometrlc equat.icn, if equation is in fraction or non linear, then first simplify the equation and
change * 177 qu?dr_ahc‘ ki S.met'-’ting the value of larger power, trigonometric ratio in term of smaller power
trigongmetric ratio in given function, solve it and find all possible general angles in given domain. For simplification,
change tamn cot, sec and cosec trigonometric ratio into sine or cos if directly its value by formula is not possible. If
domain of function is in degree, then write your answer in degree. If domain is in radian, then answer must be in

radian form.

conversion of trigonometric function

« Toshow that the given trigonomic equation can be written in quadratic form, first of all change given equation into
required trigonometric ratio by substituting the value of given trigonometric ratio or by simplification. Then replace
itinto quadratic function.

Eap: Show that 3in 20 +35in 0 Cos © = 4 Cos? 8 can be written as a quadratic equation in tan 6.

sketching of trigonometric graphs:

In trigonometric equation y = a+ b sin ¢ x where a,b and c are constants y = 3 is line of axis of curve, b =

amplitude of function and 360/c is period function.
HREOTGhls 21 2= ' i~
Line of axis of curve : @3@
The line parallel to x axis from which the curve move at equal length to upward azi\@,ot P rd R
Q

symmetry of the curve is called line of axis. It is obtained by puiting value of trigonometric rag\o Gual to zero.

&

Amplitude of function N
3

The distance of maximum or minimum point from the line of axis of curve\\'fb %ca led amplitude. OR coefficient of

frigonometric ratio without sig‘n is amplitude of function. @

The smallest +ive number which is added to the original @ e and give the same value of the trigonometric

Emk‘“ OR graphically the length of the interval over which th iraph of function repeats itself is called period of
nction,

Period of trigonometric function
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Range of function ition of the curve along y = axis is called range
tio "
. inimum pos value of trigon . fung,
The distance between maximum an:‘ :r‘:tlon out minimum and maximum EOMOMEHE fatiy oy
u ) i
numerically. To find range of trigonometric the range of the function. g""Er.
equation and simplify. Its answer is denoted by th
Maximum or minimum value of function ’ TR
um value of trigonometric ratio In given equation ang ,
0 fiy
L

put maxim

maximum value of function, .
el ric ratio and simplify.

minimum value, put minimum value of trigonomet

he given function is undefineq are

Asymptotes

The vertical or horizontal lines wm
asymptotes, the graph of the function moves parallel along the asy

Sketching of sine and cos graph
eir values on y-axis. If domain of functiop js given:

flag

through the point, on which t
ptotes.

. ; -axis and th
1. Draw co ordinate axis and mark angles at x-axis an -axis a n
radian than write angles in radian. Usually mark quadrant angles on x-a nd then take three £quy)
intervals in each quadrant. ) .
% Draw line of axis of curve by putting value of trigonometric ratio equellf tf z?ro.l‘ th ;
3. Put quadrant angles in given equation if co efficient of given angie JE L SImpity tie equation and marg i
answer along y — axis with respect to given angle. Also find x-intercept of the graph by puttingy = o i Eiven

equation and mark it as point of intersection of curve and x-axis. If co efficient of angle is more than 1, thep |

first divide quadrant angle by co-efficient of given angle and put answer in given equation and mar
value. Continue that process till first period of the function completed. Then repeat the all remaining graph

by same pattern up to given domain of function. ‘

Tangent and cotangent graph

1. Draw co ordinate axis mark angles on x-axis and its values on —axis with the interval of co efficient of

trigonometric ratio.
Draw line of axis and asymptotes (vertical dotted lines) though the angle on which function is undefined.

2.

Usually put two angles of equal intravel from each quadrant and find value of given function and mark it on the
y axis. Also find x-intercept of the curve by putting y = 0 in given function. Join aththese points by smooth curve
and draw parallel graph along asymptotes. Repeat the process up to given dg:fiain of function.
To find point of intersection of trigonometric graph and a line. Draw gragj’iﬁ. of/each_side of given equation by

|,
aint
% then first
tricdefentities are

putting it equal to y or draw by given conditions. Then find co ordinate of ir
For more accurate graph of sine and cos, first find period of one cycle by 3
parts and find their corresponding values of y from given equatiop.a
6. To prove trigonometric identity, if direct substitution of give
change, tan, cot, sec and cosc function into sine or cos and then &

i) secf=
Cos@

ii) Cosec § = !
Sin @ _

W TeRg=Sd
Cos@
1 Cosé@




X y =sin X

0° 1B R .

) Y = COS X
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Sin 20 + Cos20 =1
1+tan?0=Sec?@
1+Cot?08=Cosec?d

v)
vi)
vii)
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Practice Questions

Exercise #1

Prove the identities : , 5
e = 2 sec
12 Sin@+1 sin@-1 0

) .I_.-!-._CM = COos Y
1 +secx

13 (1 + tan x — s€C x)(1 + cot x + coge, %

)

2 |-2sinffx=2cos’x~-1 - _
19 sinx o _SXY =9 cotx

3 cos?x  _ . secr-1 secx+l
1-"]“'_'—."_‘ = sin x
+ sin.x | . - tan 9 = 420
cot x + tan X = COSec X sec X n secB+tanfl  secO—1anf tan‘ g
. o+ |
B . | Eposy cosA+secB — ooo A sec B
16 cosB +secA

5 cosec.x — cotx

Ly | 4 e = 2 2
sin' x — cos* x = sin® x — cos® x 17 -
-0C05 & __ H
° 4 . 2 ’ 3 -0 X = 3(sin x + cos x)
, sin'x—sin®x = cos’ x - cos’ x sin x — cos X
1 )
(I—COS}C)(I +—] =gsinxtanxy 1 | +cosA | —cos A =4 cotA
o " —— — c
; G- . | = cos A ] +cosA 0sec A,
g sin’x + tan® x sin® x = tan® x
7 _ 2 %

1o tan’x - cot’x = sec? x — cosec’ x 19 £GP SHUA —0OBA

< cosec A + 2cotA sinA + cos A

l_[anz.\' . 1
11 ———= =cos’x—Ssin’x

20 - e 2 2 s 2
§° . Y Ccos X = o
T T, cos 1+ti{)t x S 1' cot® x.

P
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Exercise #2

Find all the angles between oo

a . an o 5
(@) Scosx+2siny=( d 360° which satisfy the equation

(b) 3(sin x - cos x) = cos x.

L]

Find all the ang]
es
equations. gles between 0° ang 360° . :
. inclusive which satisfy th ¢
(a) 4 sinxcos x = cos x § y the following

(€) 2tanx =4 —gec? (b) 2cos?x-cosx=1]

: _ d : . :
Find all thic angles between 0° and 360: ) 2sinxcosx= tant:

(@) cos 2x=0.5

which satisfy the follow}ing equations.

(b) tan (x—60°) = :;,
3

(¢) 3sin2x+2=0
(d) cos (2x—40°)=0.8

(e) cot (2x+ 10°)=
s (f) cosec (2x + 60°) =4

Find all the angles betw 0 ) -
: gl etween 0° and 360° which satisfy the equation

(a) sin —x= =
35 = 3 (b) 3cosy=2secy, (¢) 4tanz+cotz=>5.

Find all the angles between 0° and 360° which satisfy the equation

tan (2x — 60°) = — .

(a) tan (2x—60 )"Ala (b) 2siny=tany, (c) sect z=4secz-3.
Solve the following equations for angles between 0° and 360° inclusive.

(@) 2 COS’Q.I +1 = %) (b) 3 cot® x = cosec x cot X

(¢) 2cos’x+3sinx=3 (H Jsinx+2tanx=0

() |sec (x- 50°) =3 (F) sec’x+2tan’x=4

() 2 sinxcosx+ cosfx=1 (h) 3 cos (x+40°) =4sin (x + 40°)

(i) (cos x—2)(cos x + )=sin*x (j) 2sinxtanx= 3

() 2sin*x-5 sin x cos x = 3 cos” X

(k) cot 1,‘;——-10" =%
(3- 1) z @©gx

e

Find the values of x, where 0° < x < 180° such that
(a) 2 cos’x +sin 20° =1, (b) sin (3x +70°) =02, @7
(d) |2 cosx+3sin i =sinx @

(c) 8 cosec 2y cot 2x = 3,

(]

Find all the angles between 0°
(a) 2 tan 2x + S€C 40° =1

(¢) 2cos’z—sinz+ 1=0
en 0° and 360° inclusive which ggfl'sfy the equation.

(b) tany @fn y sin 40°,

r

and 360° which satisfy the follo "@%uaﬁons.
(b) 2 +sinycosy &%n y

Find all the angles betwe
(a) 3sinx-— 7 cosec x = 1,
() cos (2x—70°) =05 {
Find all the angles between 0° and 360° whic@)%tlsfy the equation
(a) Scoszx—gsin,rcosx=0, @Q
(b) 5tan’y+7=11sec),

(

(c) 1+2sin [225 + 75"] =0.

{



Answers

L (a) 111.8° 291.8°
2. (a) 14.5°, 90°, 165.5°, 270°
(c) 45°, 108.4°, 225°, 288.4°
3. (a) 30°, 150°, 210°, 330°
(c) 110.9°, 159.1°, 290.9°, 339.1°

(e) 53.3°, 143.3°, 233.3°, 323.3° :
(b) 35.3°, 144.7°, 215.3°, 324.7

4. (a) 60°, 300°

5. (a) 7.5°,97.5°, 187.5°, 277.5°

6. (a) 39.0°, 141.0°, 219.0°, 321.0°
() 30°, 90°, 15¢°

(e) 120.5°, 159.5°, 300.5°, 339.5°

() 0°, 63.4°, 180°, 243.4°, 360°
(i) 180° (j) 60°, 300°

7.(a) 55°, 125°

8

9. (a) 90°, 221.8°, 318,2°
() 5° 65°, 185°, 2450
10 (a) 32.0°. 90°, 212.0°, 270°

(k) 146.9°
(b) 32.8°, 100.5°, 152.8°

. (a) 85.7°, 175.7°, 265.7°. 355.7°

(b) 60°, 300°

N
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(b) 53.1°,233.1°
(b) 0°, 120°, 240°, 360°

() 0°, 45°, 135°, 180%, 225°, 3156, 3¢,
(b) 90°, 270°

(d) 1.6°,38.4° 181.6° 218.4°

() 52.8%, 157.2°, 232.8°, 337.2°

(C} 14-09, 45"’ 194.

(b) 60°, 180°,300°  (c) 70.5°, 289 5o
(b) 70.5°, 90°, 270°, 289.5°

(d) 0°, 131.8°, 180°, 228.2°, 360°.

(f) 45°, 135°, 225°, 315°

(h) 176.9°, 356.9°

() 71.6°, 153.4°, 25] g0 31, .
(d) 135°, 153,40 3334

Oa! 2250

(c) 35.3°, 144.7°

(b) 90°, 116.6°, 270°, 296.6°  (c) ggo
(b) 0°. 38.9°, 180°, 321.1°, 360°

(e) 90°, 170°, 3300
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| Exercise #3
1. Find the values of 8, where 0° < 9 < 360°. such th
360°, such that

h (a) (sin 8- 1)(sin @ + 1)
i = (),
E:)) :;gzg((lza Cf:; 6:1—) A=, E:;; 55259?21:;(?5 fi; l())= >
) n + L 0 - =,
. a (f) (3 sin @~ I)(tan 8+ 1)=0.
> g)o 7591'2 3_3 ?{00' find the minimum and maximum values of
i h‘ - ; (b) 5 cos 642, (c) 4-3sinb.
3, Sketch, on separate diagrams, th ) T
and state the corresponding r,angfz f;! lgwmg curves for the domain 07 < < 8
((3; ) - ;":::;;_-2 (b) y=5 cosx (¢ y=4sinx-2
'}.:Ijt A | (e) y=3(cosx-1) () y=[3sinx-2
® »= an (h) y=2tanx-3 (1) y:]Stan.r-!-:'

Sketch, on separate diagrams, the following graphs.
(a) y=4cosx=-3for0°=x= 180°

() y=6tanx for 0° = x =< 180°

y =3 + 2 sin x for 0° < x = 270°

(c)
(d) y=cosx-— 1 for 0° < x = 720°
. () v=1+3sinxfor-360° < x = 720°

5, On the same diagram, sketch the araphs of y = [2 sin 4] and y = |2 sin x| + 1 for
0° < x < 360°.

6. Sketch the graph of y = 3|cos x| — 2 for 0° < x < 360

7. On the same diagram. sketch the graphs of y =3 cos X and y=2sinx -1 for the
interval 0° = x S 360°. State the number of solutions, in this interval, of the
equation 3 cos X + 1 =2 sin x.

g. Use a graphical method to determine how may solutions there are to the equatior©@
2 tan x| = 1 + sin X in the interval 0° < X = 360°. ©

9. Sketch, on the same diagram, thé graphs of y = tan x and y = cos x, for Lhé?@ﬁtﬁ:s
of x from 0° and 360°. Hence state - ae o
(a) the number of roots of the equation tun X = COS X in t_hc rang 360°,
(b) the range of values of x, between 0° and 270°, for which t nd cos x are

both increasing as x increases. {F (C)

7
o¢
S



Answers
(b) 0°% 180°, 360°
60°, 180°, 300°, 360°

1. (a) 90°, 270° 9 0°
(c) 0°, 180°, 360° T Al
(e)] 0°. 104.0°, 180°, 284.0% 360° (f) 19.5° (35°, 160.5% 315
2. (a) -10, 4 ) -3, 7 — (© 1,7
3. (a)[)’:-Béyé-I.yE R) (b)l}’i"5“~J’: ,yeR)
©([y:6<y<2y€ R) (d)[y=*l‘~‘-3’-3¢y€ R)
(e]l)'i—ﬁ'-‘?-yEO.yeR] - (D(J':Uéyéiye R}
@ (v:y=0yeR] L H{y:y=0,yep
7.2 8 4 ]

9. (a) 2 b) 180° < x < 270°
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Exercise #4

stan p‘l’ oty ﬂfk

() tan(m—.x),
) tan(3m — ),
(i) sinx.
(i) Show that the equation

3(2sinx
(2sin.x — cos x) = 2(sinx - 3cosx)

can be written in the form tanx = -3
—_ -dq.l_

(i) Solve the equation 3(2sinx
—cosx) = 2(sinx — 3cosx
), for0° € x < 360°.

i) Show that tt
%) he equation 2sinxtanx + 3 = 0 can be expressed as 2cos?x—3cosx—2= 0

(i) Solve the equation 2sinxtanx+ 3 = 0 for 0° < x < 360°

(i) Show that the equation 2tan>@sin?@ = 1 can be written in the form

2sin*@ +sin°8-1=0

(ii) Hence solve the equation 2 tan”  sin” 2@ = | for 0 < 0 <360°

(i) Prove the identity (51:11 s = 8 : —cos @
+cosf’

- . I 2
(ii) Hence solve the equation (m - t_a_:l_é) =5 _‘.5;‘ for0° < 0 < 360°.

Solve the equation sin 2y =2cos2y, for0° <x < 180°.

(i) Prove the identity tanz @

(if) Use this result to explain why tan 0 >sin@ for0° <8< 90".

nsin2y+3cos2x = 0 for 0° € x < 360°.

ns has the equation sin 2y + 3cos2x=0for0° <x< 1[]80\6}’\7
cos @ 1 @

(i) How many solutior
(i) Show that _._S-'—rl—q—-—- B O N,
51n9+(:058 T sin@— cos@ sin” 29 —cos 9
_cosb  _3 for® &ﬂ@m

sin @ — cosG (}
sinxtanX _ . 1 ©<7ﬂ

(i) Prove the identity T— 5 cosx

. xtanXx
(ii) Hence solve the equation 'SIIE_EB-S_; +2 =0, for (%%l < 360°.

_sin®@ =tan’ @ sin= 8.

(i) Solve the equatio

sin @
ii) Hence solve the equation —
(i) ¢ sol q sin @ + cOS [¢]

(1]
(1]
2]

2]

(2]
12]

3]
[2]
[4]
3]
4

[4]
31

[1]
(5]
[1]
(3]

[4]

[3]

B3]



13

12

13

14

15

16

17

18

19

20

A function f is defined by
(i) State the range of [.
@ii) State the exact value of r(37)-
(i) Sketch the gmphof y = f(x).
in terms of X,

(iv) Obtain an expression,

Solve the equation 15sin’x = 13 +c0sX

(i) Sketch the curve y

(ii) By adding a suitable straight line to your skelc

equation

2nsinx =% —X-

State the equation of the straight line.
(i) Sketch, on a single diagram, the graphs of ¥

(ii) Write down the number of roots of

(iii) Deduce the number of roots of the equation 2 cos 20

(i) Given that

show that, for real values of x,

(ii) Hence solve the equation

3sin’(8 + 70"

for 0° £ 9 < 180°.

3]
—cos20and y =% for0< 8 <27 o
the equation 2 cos 20— 1=0inthe interval 0 < 8 < 271 0]
_ 1 =0 in the interval 107 < 8 < 20z, (]
3sin’x—8cosx—7= 0,
COSX = -—g— [3]
)—8c05{9+70°] -7=0
[4]
0° < 6 < 360°. [4]

(i) Solve the equation 2 cos-8 = 3sin 6, for

(ii) The smallest positive so
integer, is 10°. State the value of n

“interval 0° € @ < 360°.
Solve the equation 7cosx + 5 = 2sin’x, fo

(i) Solve the equation 4sin°x +8cosx—

(ii) Hence find the solution of the equatio

(a) Find the possible values of x for which sin™' (.\2 — 1) = ix, giving your answers correct 10

3 decimal places.

i i [ -
(b) Solve the equation sin(28 + 3m) = % for 0 £ 8 < &, giving 8 in terms of x in your answers.

f:x— 3 — 2tan(

—2sinxfor0<xs 2m.

lution of the equation 2 cos?(n6} = 3 sin(nB), where n is a positive

112

4x) for0< x <1

for £~ (x)-

for0°€x < 180°.

h, determine the number of real rogts argi}
"

and hence find the larpest solution of this equation in the
131

[4]
[4]

r0° <x < 360°.
7 =0 for 0° < x < 360°.

n 4 sin” (16) +8cos(10) -7 =0for0°< 0 < 360°.  [2]
]

3]
[4]

g

_

N\ e oo
\

The diagram shows part of the graph of y = a + bsinx. State the values of the constants a and b 12




Angwem
tan X -k

{ @ w0

” 1
an 'E'IJ I3

k
@i X" TR hi

tan.t =-%
2 . 360-369 = 323.1°

3 x= 120° or 240°

9= 45°, 135°
4= 2;5“,315"

B

6 ;=3I.7or 121.7 (allow 122)

I =54,2° or 144.2°
Also 234.2° and 324.2°

7

8 @) 12 answers.

g g=547°1253°,234.7°,305.3°
jgrx=109.5° or 250.5°

1 (i) Range of ;'53

»

2
(ii) ﬁ-;-:r )=3-27\3

€)= ztan“‘[_——’; "'J
12 113(.6), 70.5

f , X
13 @) Required line 3" = 1-=

Line through (0. 1), (m, 0) drawn

3 roots

14  Exactly 2 complete oscillations in [0.2;;]

g 1
Line V= 5 correct

2z e

(i) 4

(iii) 20

113

15 (i) cos(0+ 70) = -—%— ) 0=61.8
0+70=131.8 {(or 228.2)
0=158.2

e 0 f._3.9°_9t150°

g = 290°
17 x=120°, 240°
18 x=060°0r 300°
¥ v
g=17.2° (0300 rad)
19 x==% 1.36?‘
P
4712
20 a=1 b=2

>
o
‘D
&
&
@
@@
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pPast Paper Questions

Trigonometry
o ° whi tisfy the equation si
1 Find all the values of x in the interval 0° € x € 180 which satisfy the eq sin3x 4+ 2“‘3@3-\:&.[;
2 : _ 2 be written as ; ¢
(1) Show that the equation sin20 + 3 sin @ cos 6 = 4.¢0S @ can be written as a quadratic cq“aliqn.l
tan 6. [
o 2
(1) Hence, or otherwise, solve the equation in part (1) for 0° < 0 < 180°. .
E (1) Show that the equation sin 6 + cos g = 2(sin @ —cos 6) can be expressed as tan 6 =3, .
(1) Hence solve the equation sin 8 +cos 6 = 2(sin @ — cos 6), for 0" < dal 3
4 Solve the equation
sin2¢ + 3cos 2x =0,
for 0° < x < 180°. [4]
5 - ]
. Prove the identity %:t—znr-lz—'; =1-2 sin>x. [
In the triangle ABC, AB = 12¢m, angle BAC = 60° and angle ACB = 45°. Find the exact leng,
5 (i) Show that the equation 2 tan? 0 cos @ = 3 can be written in the form 2cos® @ + 3¢cos 0 -2 =,
[2)
(ii) Hence solve the equation 2 tan®@cos@=3,for0° € 8 < 360°. 3]
si sin
8 Prove the identity =t =X =2un’x 3]
1-sinx 1+sinx
9 (i) Show that the equation

3(2sinx —cos x) = 2(sinx - 3 cos.x)
can be written in the form tanx = 3. [
(i) Solve the equation 3(2sinx — cosx) = 2(sinx — 3 cosx), for 0° < x < 360°.

10 cos 8 1
. . e = e 3
(i) Prove the identity — 5(1_sin) 1+ = (]

: cos & B 5 ¥ 7
(1f) Hence solve the equation ol —sn8) (d—sing) 4, for 0° < 8 < 360°, ()
11 1 1 [

(i) Prove the identity tanx + = — ]
tanx sinxcosx

(ii) Solve the equation —2—— =1+ 3tanx, for 0° € x < 180°. g
sinxcosx

It is given that @ = sin 6 — 3 cos 6 and b = 3 sin 6 + cos 6, where 0° < 6 < 360°.

12
(3]

(i) Show that a* + b* has a constant value for all values of 6.
(1) Find the values of @ for which 2a = b. H
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reflex angle g is such that cos 0 = k, where 0 < k<l

43 The
() Find an expression, in terms of k, for
(a) sin 8, 121
(b) tan6. (1
(ii) Explain why sin28 is negative for 0 < k<l. (z}
) ; sin 6 —cos 8 tan0 -1 1
j) Prove the identity ————3 = 1]
14 ® tstuchosﬂ @nf+1
q1) Hence solve the equation Mﬂ s tanf ¢ 0°<0< 180°. “]
i sin @ +cos @ 6
(i) Prove the identity I_i—co-s—e— - l:—‘:—of—e- = _—-ﬁ-“ i
1-cos@ 1 +cos @ sin Otan 6
(ii) Hence solve, for0° < 0 < 360°, the equation
. 1+cosf 1 —cosb 3]
AE O =3.
Smg( ] —cos @ 1+c056)
16 (i) Show that the equation 3tan § = 2€0S g can be expressed as
25in29+351n9—2:0. [3]
(ii) Hence solve the equation 3 tan g = 2cos 8, for °<8= 360° (3]
17 (i) Show that the equation 4sint@+5= 7 cos~ 6 may be written 10 the form A +Tx — 2 =0,
2 [1]
[4]

where x = sin” 6.
€8 < 360°.

(ii) Hence solve the equation 4sin*@+5=17 cos? @, for0° <0<
y=2sinX and ) = €08 2.1',@@18 interval
[4]

18
i Sketch and label, on the same diagram, the gr2

0<X< T
u'on'.lsinx:cos‘lxinth 1
00\5

for 0° < 0 < 180°. @@5 [4]

(if) Hence state the number of solutions of the equa

19 Solve the equation 3 gin- 6 —2¢€0S g-3=0

,o Giventhatx= sin™* (3), find the exact value of A
(i cos” x, @QF [2]
21 (ii) [:.ll'l2 X. @@ 2]
(i) Show that the equation 3 sin xtanx = 8 can be w @as 3 cos-x+ 8COSX ~ 3=0. [3]
5 (ii) Hence solve the equation 3 sinxtanx = 8 f@@é x < 360°. 3]
Prove the identity
[4]

|

1 +sinx COSX

— w
cos X 1 4+sinx COSX
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24

25

26

27

28

29

30

410 ‘

: PO 3
(i) Prove the identity (sin.x + cosx)(1 - sin.xcos.x) = sin” x + cos™x.

(if) Solve the equation (sinx +cos.x)(1 - sinxcosx) =9 sin” x for 0° € x < 360°,

Prove the identity

2 by

2y = tan®xsin’x.

tan®x —sin

(® Sketch, on the same diagram, the graphs of y = sinx and y = cos 2x for ° xS 1
: e

(ii) Vel‘ify that x=30° is a root of the EqUﬂﬁOH 5in.x = coOSs 1!, and state the Q[her 1

r i
for which 0° < x < 180°. oter thig ]

(iii) Hence state the set of values of x, for 0° < x < 180°, for which sinx < cog 2x. Iy

(i) Show that the equation 2 cos x = 3 tan.x can be written as a quadratic equation ip sinx Iy
. B
(ii) Solve the equation 2 cos 2y = 3tan2y, for 0° < y < 180°. !
Given that cos x = P, where x is an acute angle in degrees, find, in terms of p, 4
(i) sinux,
(ii) tanx, U
(iif) tan(90° - x). [
’ (1
(®) Show that the equation 1 + sinxtanx = 5cosx can be expressed as :
6cos’x—cosx—1=0.
[3)
(if) Hence solve the equation 1 + sinxtanx = 5 cos x for 0° < x < 180°. o
2 .
(i) Prove the identity (L - L) = ﬂ
sinx tanx 1 +cosx [4 |
Lo . 1 I A% 9
(ii) Hence solve the equation (-——— - —) =z forO0 € x<2n. 3
sinx tanx I
(f) Express the equation sin 2x + 3 cos 2x = 3(sin 2x — cos 2x) in the form tan 2x = k, where ks

constant.

(2
3

(1) Hence solve the equation for —90° < x < 90°.




AnsWEl’S

£ = 38.9% 08.9°, 158.9°

1

2 (i) tan’ @ +3tan®-4=0 (i) @=45° 104°
3 (i) =716 2516°

4 =542, 1442

6 646 em

7 (i) 8=060° 300°

g (i) 143.1°. 323.1°

10 (i) #=19.5°% 160.5°

11 (ii) x=45° 116.6°

12 (i) §=981% 278.1°

13 (i) (2) —i=g= (b) =E=E (ii) $40°526<720°
14 (i) g=634° 71.6°

5 (i) @=5311% 23.0°

16 (i) r=30° 150°
17 (i) g=30° 150°, 210°, 3307
18 (i)  mumber of solution =2
19 9=90° 131.8°

20 (i) mzﬂgsi (ii) mnzﬁgl-

1 (i) x=70.5. 2895
33 (i) x=266° 206.6°

)5 (i) 0°<x<30° and 150° < x < 180°

% (i) .y=15° 75°

7 (i) J1-p* (i) =E (iii) -Pp=

1—
J3]

117

28

29

30

(i) 1<x<3

(i) x=LI13

(i) tan2x=3

radians, 5.15 radians.

(i) x=-542° 358

d
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DIFFERENTIATION

T —
Syllabus: \

dy d?y
-‘-!-; and—d—x—z- (the techn

and use the notations f' (x), "(x)

Understand the idea of the gradient of a curve, if!ue "
differentiation from first principles is not required); : tant multiples, sums, differences of fuﬂttio

ek n : together with cons ns, 5
Use the derivative of x" (for any rational n), tog o

composite functions using the chain rule; ‘ y decreasing functions and rat
Apply differentiation to gradients, tangents and normal, increasing anq 5€ of thy |

ang
8
(including connected rates of change); ot ching graphs (the abjlit :

Locate stationary points, and use information about stationary points in sketching g to digg;

: ; N ing, «
; ificati oints of inflexion is nes : 8Ujey. |
between maximum points and minimum points is required, but identification of p Not ingy, dedfh

GRADIENT

; i at nay point i ;
Measurement of change of y with respect to x is called gradient. Gradletnt of curved_ tv r: ntis the gradlentuf
tangent at that point. The gradient of straight line remain same at any point but gradient of curve varie, With
coordinate of point on curve,

Gradient function

The derivative of given équation is denoted as gradient function and the process of driving it is Calleg
differentiation. c—z— 's used as a symbol to denote ‘derivative with respect to x’' and dy/dx means derivative of with
réspect to x. it also represents rate of change iny w.r.t x.
Formulae of differentiation

Ifa,b,cand 'n’ are constants, then

1. dd, (x") = n x™ i(base). If there is ‘X in base, th {ts derivative is 1, %
dx //
d/dx (base) is not mention in formula. If there is composite base of any petier, ive of base is always
multiplied with the answer. '\ \
|

2 e =L ) L

dx S
=anx"*+0 %

3. E;(constant) = 0:- Constant means the term which does not contain th v which the function is
differentiated, %

4, i is denoted as rate of change with respect to time.

dt
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jp rule

Cll
t a iab‘e iE t
The 2. 10 change

"Q dgri\’atwe of y w.r.txinto derivative of y w.r.t time Is dy/dx = dy/dtxdt/dx
i \atlonan-of turning point
E
Zd co-ordinate of stationary or turning point
put dy/dx = 0 and find value
of x. then put that value i
lue into

é", To fir
quation and find y. write it into (x,y) form which s stationary or turning point

| ﬂffl?f“aI "

yature of turnin oint
}
y/dx?) is used to find nature of turning point. To find value of d?y/dx?, first put dy/dx

t pouble derivative w.r.t x(d

\ L find x, then put that value of x into d?y/dx? and simplify.

i value of d?y/dx* is +ive, then turning point s
mum f'(x) means dy/dx and f"(x) means d?y/dx.

minimum. If value of d¥y/dx? s

_ive, then turning point is maxi
r

1 Range of x for increasing or decreasing function

When dy/dx is +ive, then function is increasing function. To fi
put dy/dx >0 and write set of values of x. i.e. (domainin X).

nd value of x on which given function is increasing

fLIﬂCtionr
f x on which given function is

When dy/dx is —ive, then give

ocreasing fu nction, put dy/dx < 0 write set of values of x.

n function is decreasing function. To find value ©

| d

= @g_q@sg.——-—fﬂ"“:“"ﬂ
put value of x on that point in dy/dx. If 8 is the angle of line

Gradient (m) = dy/dx. To find gradient on any point,

yith x-axis, then m =tan g =dy/dx.

Intercepts of line or curve

Intercept means, the poi
ind x-intercept or poin

nt on which line or curve cuts the axis. To find y-intercept or point on y@@put x=0in

given equation and to fi t on x-axis, put y=0in given equation. @

Equation of tangent of normal 1Perpendicu!a:j__t;q_;jgggg o
e
) is given point. Then equation of tangent to cury C@gb
Yy =m (x-%y) @% »

—I(x_x]) ©@

equation of normal is: y-y1 = ——
m

If m = dy/dx is gradient and (X1, Y1
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Example )
lefcmnuate (a) f(x)= z(x ~3x —-2) v gx)= (x+ 2)(.2x . .3) :
so f/(x)=4x-6,

f(x)= 2(.: -3x-2)=2x —6x-
o which is pamllel to the
Find the equation of the tangent (0 te graph of ¥ = =x" —4x+2 which 1

x-axm

;aline parallel o the x-axis has gradient 0.

Let f[x) x%—4x+2,Then f’(x) 2.1:-
Torfnd when the gradient is 0 you need to solve 2x- —4=0,giving x=2.
When x=2, y=22-4x2+2=-2.

Example

Find the equation of the tangent to the graph of y= =2/x at the point where x=9.

Let f(x):Z\G =‘2x§.
Then, using results in the boxes,
fi(x)= 2x%x'§ P
al 1 1
When x=9, f(9) =9 =—F==3.
)=97=5 "

The tangent passes through the point (9,2«/5) =(9,6),s01ts equation is

-6=4(x-9), o 3y-x=9.

Example R S
Differentiate each of the functions  {(a) x(l+x"), (b) (1_+-J;) , (€ =

(a) Let f(.t)=.r(l+x2]-

Then f(x)=x+x°,s0 f(x)=1 +3x2.

(b) Let £(x)=(1+ «E)z.

Then f(x}=1+2~/;+x =1+2x§+x,so f’(.:r)='2:><-i;;«:-£'-+-1=.‘:_é +1—~T+I

2
sl il =T

1

— —

. ki 1
Then, by division, f(x)=x +1 to=x+ 1+ x50 f(x)=1+(-1)x 2 =1-—3-
5 : x
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Practice Questions

Exercise #1
1. g')ﬁcszfrlﬁclfollowmg with respect to x (where a and b are constants).
p (h) X" =72 + 6x
(© 20 +5x -4y 49 %) 4.r+-§-
2_ 3
| e 0 S L3
x x
& Sbik (h) 52 + %—2
(i) 3x+2J‘-_3 G =
-3
W 26 -4 o W 6x4x - 647
(m) 4.“!_;7_; () m_%
2. Differentiate the following with respect to x.
2x° + 4x 2 X 3
a) — ——— X —-06x+4 4x —5x -3
(a) 5 - (b) o (©) £
d _r:+14 32" +x=1 6x° — Jx +2
e 2x © X 0 2x
i dy
3. Find E\ for the following functions of x.
(@ G+ D2x-1) () x(Vx -2) © I+ Jx)1 - x
d) 4x°(3 — JI) (e) (2x + 1)(x - 2) ) (1 I~.’.')(4.t - 1)
x Jx
4. Find the value of f'(x) at the given value of x. % @\%
)= 3x% = 2x = -2 =6r— 2 yr=_—
@ f(=3x-2x-4,x=2 (b) f(x) = 6x = X 1 @
(¢} f(x) =3x- 4Vx,x=4 (d) fx)=@x-=4Dx+ 3), 0@?3
5. Calculate the gradient of the tangens to the curve at the given pomt
(a) y=4x"—6x+1, (2, 5) B) = 5-“” x @
© y=x@-x,x=9 @ y= “”"r‘:}
6. Calculate thc gradient(s) of the curve at-the pomt(s) cn. y 1s given.
(@ y=xX-2x,y=-1 (b) »—.\@ Yy =2
© y=2=2,y=4 (d) 3@01 i,y=5
7. Calculate the gradient(s) of the curve at theg nt(s) where it crosses the given line.
(a) y=2x" - 5x + 1, y-axis (b) y=— - , X-axis
X+ 2

(c) y=2x" - 8, x-axis d y= -_-\
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R}
8. Find the coordinates of the point on the curve ¥ = X = 3% + 6x + 2 at which the

gradient is 3.
9, The curve y =ax’ + b has gradients 2 and -1 atx = | and x = 4 respectively. Fing
> x

the value of @ and of b.

10. The gradient of the tangent to the curve )y =
Calculate the values of the constants a and b.

ax’ + bx at the ppint (2, -4) is 6,

11. Given that the gradient of the curve y = % + b at the point P(3, —15) is —13. Find

the value of a and of b. Show that the tangent t0 the curve at the point where
x = 1 has the same gradient as that at P.

12. The tangent to the curve y = & + bx at (1, 3) is parallel to the line y = 2x + 1.
X

Calculate the value of a and of b.

Answers 2
L. (a) 6x + 4 (b) 4X — 14x + 6 (c) 6 + 10x - 4 @4- =
© 18+ =% -5+ 5 @ (h) 105 — —
3 1
i 1 & e (k) 5x% — 6x2 - 6
@3+ = @) 165+ 3~ =
I 1 3 J b
@ 9x% - 3x 2 (m) 10x? + 3x * (n) a + =
3 4
2. (a) 2 (b) 1 - xi, © 4x+ = @ -5
o 1 1 3 3
(e) 5.r2+%x’+—%x1 () 3 + Z—xz-»x" ;
3. (a) 4x + 1 (b) %f -2 (© -1 (@) 24x — 10x>
1 b 3
@2+ > ® —6x7 + Sx 7+ 25
. 2 2
4. (a) 10 ®) 9 (© 2 @) 5
5. (a) 10 ®) -1+ (© -4-2- @) 5
6. (a) 0 (b) -5, 5 @1 (@ -8, 8 5
1
7. (a) -5 ®) - (c) -8, 8 (d) -2, =L \\g‘))
2
I
8. (1, 6) 9-a=—;,b=-'—:1 0.a=1b=-6

b T
1.a=9,b=-2 1z,a=%,b=§. @

—




8.2 Gradient of a tangent as a limit

Consider the problem of finding the gradient of the
tangent at point A on the curve y = f(x).

If B is another point on the curve, fairly close to A,
then the gradient of the chord AB gives an approximate
value for the gradient of the tangent at A.

As we move B closer and closer to A (i.e. B, B,, B,, B)),
the approximate value for the gradient of the tangent

at A gets more accurate.

So as B — A, the gradient of chord AB — the
gradient of the tangent at point A.

2
Consider the graph of y = 22 B{(x + ), (x + h}")

The point A has coordinates (x, x2).
The point B has coordinates ((x + h), (x + 1)%).

The gradient of AB = &M = _ x* 4 2xh 40—

(x+h)—x x+h-—x - >
, x
= 2Xh;+ W _ !1(2.1;l+h) e
1
As h gets smaller and smaller, B gets closer to A, and the line AB gets Weread'h — 0'as
closer to the tangent at A. It tends to 0, i.e. ki gets
We say that as i — 0, we can find the gradient of the tangent at A. closer and closer 10 0.

As h — 0, the gradient of AB — 2ux.

Note: The gradient of the
Thus, the gradient of the tangent at any point on the curve y = x* is 2x. 9

tangent at any point is the
flx+1)—f(x) E:z:;cga;g e of y with

The definition of f’(x) is given as %mg j
1—% i

Example 2

Find an expression for f'(x) when f(x) = .

f'{x} —lim flx+h)—£(x)
h—o h

=pngfx+’;i < ) =250 fix+ M) = (x + B
—3! 1

= Tim & 3043+ -
=0 h

— lim MGx? +3xl+17)
h—0 h ~<¢—— Simplify and factorise.

< (x+ Iy =x3+3xh+ 3P+ K?

=lim 3% + 3xh + I

h—0

= 32 —— Ash—0,weget3x2+0+0.
When f(x) = 22, f'(x) = 3.

‘14{)’ Gradient of a tangent as a limit
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_ A normal to the curve y=x 2 41 has gradient

10

11

12

123

Exercise #2

Find the equation of th
¢t
x-or y-coordinate is glve“ngent(s) to each of the following graphs at the point(s) whose

(a) y—x wherex=2
o2 _ (b) y=x"+2wherex="1
(c) y=x"-2wherey="-1 (d) y:xZ—ZWMl'C)""'z_

Find the equation of the
. normal t : e
x-coordinate is given. o each of the following graphs at the point whose

_ 32

(@ y=x"wherex=1 (b) y=x2+1whcrex- -2

(©) }‘=x2+1Wherex=0 (d) y-_-xz-i-cwherex =+

The tangent at Pto the curve y = x* has g;rachent 3. Find the equation of the normal at P.

-1 Find the equation of the tangent there.

Find the equation of the normal to the curve at the point with the given x-coordinate.

®) y= —=3x*-2x— lwht:rex-l
@ y=1-x 2 where x=0
® »y= (2x—l) where x=%

(a) }’——x_2 where x=1
) y=1- —2x* where x =-2

(&) ¥= 2(2+x+x )Wherex--l .

hlspa.rallcltothehnc y=x.

Find the equation of the tangent to the curve y = = x* whic

the cune y= x which is parallel t0 the x-axis.

Find the equation of the tangent to the curve y=x 2 _2x which is pm‘pcndlc.ulart &e

2y=x—1.

Find the equation of the tangent to

Find the equati

y=x*3
Find the equanon of the normal 10 ihe curve y = 1r o 1) wb1ch is "1 to the y-axis.
Find the equation of the normal to the curve ¥ = = ox? +3x+ 4 G is perpeﬂdlcu'lar to the

line y = 7x—5.
©@
@é
&
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Answers:

1 =4x- __ox+l 6 (@ 2y=x-3 ) 4y=-
((:)) ;=gi—; and ;2—y2x—§l+ (c) 8y=-x-58 (d) xy=o 1
@ y=-2 () 2y=x+I (f x:—._é_.

2 (a) 2y=-x+3 (b) dy=x+22 7 dy=4x-1
(¢ x=0 y=0
@) 2y =-x+c(dec+1) 89 y=-2x

f 12y=—4x+33 | 10 12y=12x-17
dy=4x+3 - g x=1

Ty=-x+64

5 (24.5%) | 12
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“(b) }‘=x’+
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|

o Exercise #3
pifferentiate the following w.r.t. x |

1+ 2)
(:) (lr + 4). ) (b) (- 1) © (Lr+?’ “
() ( —. ) () (2-34) (f) (IA*xH")J |
pifferentiate the following w.rt. x |
3 B |

® 5o G . © —— e

; (2x+7) 2 =) @ (6x" + 3) ;

I|

Differentiate the following w.r.t. x.
@ I3 ) f6=2x © ¥-2
d) V5 - 3x° (&) Vx'-x+1 (f) m

Differentiate the following w.r.t. x .
@ - Vx) (b) g W
(] 1 )’ © Ex-2F
e
@ 2x +2f () ( - %)3 ;0 (Vx+2)

.y .
Find 3¢ and the gradient of the curve at the given value of x.

(b) )'=45-2x,x=—;- ‘

1
© y=5m-37"" ) y=@x—5Py=2T
Calculate the coordinates of the point on the curve y = (1~ x)* at which the gradient -

is —4.
= 23D a[w@

(a) y=(3x—1)",x=1

Calculate the coordinates of the point on the curve y =

& ©
= ?

The curve y = (a - x)* has gradient -% at x = 2. Find the possibleg@cs of a.
Find 37 and calculate the gradient of te rangent to the cU

a _ (= 2x - 4) arthe oint where x = 1,

@ y=( Y at the P @ﬁa

1__ at the point where x = 3. @

(b) y=
1 +X
Find the equations of the tangent and the norr@@‘he curve
3

@ y=2x- 3.1:.- +1at th4e point (2, 3), @
3,7 at the point where X =

€ y=x+ % at the point where X = 1.
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gents to the curve y = .21'2 — 3x at the point whe,
f the point of intersection of the tangents,

0 the curve y = 2" = 7 at the points swhere
rdinates of the point of intersection of thesa

11.' Find the equations of the tan
y = ~I. Find the coordinates O

12. Find the equations of the normals
xr =1 and x = ~1. Calculate the coo
normals, 2

= x — 7x + 14x — 8 at the poj
Find the equation of the tangent to the curve y = x ] . nt
1 where x =ql Find the r-coo:f:iinate of the point at which the tangent is paralle] to
: ' (C)

the tangent at x = 1. ¥ | and x = 4. F
14. Find the equations of the normals to the curve y = x4+ 2 arx= *= Y mc-I

the coordinates of the point where these normals intersect.

-

: _ R
115. ' Find the equations of the tangent and normal to the curve y = J4x—x"+1 atthe

point (1, 2). Show that the tangent is parallel to the line 6y — 3x = L.

16. Find the equations of the tangents to the curve y = x* — L 1x which are parallel to

the line y = x + 2.

Answers .
L. (a) 5(x + 2¥F (b) 8(2x ~ 1) (c) %(lx + 2)
(@) =401 sy’ () 24x2 — 37 () 32x — 1)(1 = x + X
2 @ =0 ) e B (—6;'3:%)—,
3@ o= ®) - —— © ==
o~y o o= o el =
. 4. (@ _;_(2:_&:-'.\_-£ (b) ;—(—I—:él—).— © i '_f:,”)T
) 3‘(7—1}.-——5 CEES })[1 s ) o aE ;-.:)’[2}; . ::.)
5. (a) 96 (b) -% (e) -2 (d) 108 )
6. (0, 1) 7-(1.2) 8.a= % or 35~ 9. (a) =12 -(b)'_?lg
10 @) y=5c-75=17T-x () y=-3x-13y=x%7 ©y=-x+d y=x+2 @
11 2x+2y=-L,y=x-2, G. -g) 12 x+4y=-19,x-4y=19; (n, _14_9) e o
13 y=3x-3 L 14 6y=x+59, 3y+2x=38, (g.%@.) D

3
15 2y=x+3,y+2x=4 16 y=x-16,y=x+16
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Application of Differentiation

Increasing and decreasing functions

x; and x; are two values of x in the interval p= x =4,
f(x;) > f(x)- A function with this property is said to be increa

and if x; > x,then
sing over the interval

psXx=gq.
yai
Kx3) ]
fx1) i
z !
S TR A
Fig. 7.6 Fig. 7.7
g.7.7,the function has the opposite

If £'(x) is negative in the interval p<x<gq,asinFi
property; if x; > x;, then f(x,) < £(x,). A function with this prope
over the interval p<x=<gq. ’
If £/(x)>0 in an interval p<X<
is increasing over the interval p <X =4q.

rty is decreasing

g ,then f{x)

If f'(x) <0 in p<x<g,then f(x) is
decreasing over p<x<¢. ’

Maximum and minimum points

YA

i‘
: e e —"
Z =

i
&

in an

If £7(x) <0 in au interval p<X <4, and £7(x
interval g < x <r,then (q,t{g)) is 2 minim{m point.
I £x) >0 in p<¥® < g, and f(x)<0@pg<x<7.
then (g.f(g)) isa maximuom point. \@Z/

If £{q)=0 and £7(g) >0, men@/h% a minimum at x =4.

If £/(¢g)=0 and £%(g) <0 ,@@ f(x) has a maximumat x=¢.
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To find the minimum and maximum points on the graph of y = f(x):

Step1 Decide thie domain in which you are interested.
Step 2 Find an expression for f'(x).
Step 3 List the values of x in the domain for which f’(x) is either O or

undefined,

Step4 Taking each of these values of x in turn, find the sign of f_’(x) in intervalg

immediately to the left and to the right of that value.

Step 5 Ifthese signs are — and + respectively, the graph has a minimum point. If

they are + and - it has a maximum point. If the signs are the same, it has
neither,

Step 6 For each value of x which gives a minimum or maximum, calculate f(x).
Example

Find the minimum point on the graph with equation y =+/x + - .
X

Let f;(.r)=-\r';+—,‘l.-.
, X

Step1 As x is defined for x= 0 but L not defined for x =0, the largest
x :

possible domain for f(x) is the positive real numbers.
: ] i_

Step2  The derivative f'(x) =—érx_J" - 4x72 can be written as '(x) = Iz 28 .

x

Step3 The derivadve is defined for all poéiﬁvc real numbers, and is 0 when

x'} = 8. Raising both sides to the power %— and using the power-on-power rule,
x=(x%]%=8%=4.

Step4 If 0 < x<4,the bottom line, 2x?, is positive, anid
x¥ —8<4? —8=8-8=0,s0 that £'(x) <0.

If x>4, 2x7 is still positive, but x* —8> 41 —8=0, s0 that £(x)>0.

Step S The sign of f’(x) is — on the left of 4 and + on the right, so the function
: has a minimum at x=4.

Step6 Calculate £(4) =4 +§ =2+1=3. The minimum pointis (4,3).

N @—
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Exercise #4

1 For each of the followi
mcraasmg e functions f(x), find £'(x) and the interval in thch f(x) is

(@) x°=5x+6.

2 465~ _ 2
@) 3x%-5x+7 ®) x*+6x-4 (¢) 7-3x-x

(e) 5x*+3x-2 M) 7-4x-3%"

2 For each of the fol
decreasmg ollowing functions (x), find £'(x) and the interval in w}uch f(x) is

(? et ) #-3x-5 (@ 5=3u+x"
(d) 2&°-8x+7 . (&) 4+7x-21% 0 3-5e-7x
3 F‘or the graphs of each of the following functions:

(1] find the coordinates of the stationary point;

(i) say, with reasoning, whether this is a maximum or a minimum Pm“t

'-(fu) check your answer by using the method of ‘completing the square’ to find the vertﬂx;-
(iv). state the range of values which the function can take.

2
(@) x"-8x+4 r(b) 3x%+12x+5 s(c) SxP+6x+2 -
@ 4-6x-x* (@) - K +6x+9 ® 1-4x-4x°

4 Find the coordinates of the stationary points on the graphs of the following functions, and
find whether these points are maxima or mmlma

@ 25433 -T2x45  (B) 2 -3 -45x+T (©) 3% -8x°+6x°

() 3x°-202"+1 (€) 2x+x* —4x’ @ x3+3x2+3x+1

4] x+% 5 (_hjl xLz —I-I%‘:' (i) x-——

6 x-vmforx>0 ® %-% - n _‘fﬁﬁ |
@ Ae-xn ¢ - ® Ai+6) (0) @3 %)

5 A metal baris heated to 2 certain temperatuee and then the heat ¢ is removed. At time

¢ minutes after the heat source is removed, the tcmpcramne (/{i?je*grees Celsius, of the

metal bar is given by 6 = e
aris given by 6 =750

100 minutes a.fter the removal of the heat source? @@ |
¢ The length of the side of 2 square is inc Eﬁﬁ%{)ﬂmmt rate of 1.2cms™. Atthe !
&

. At what rate is the lcﬁlgerature decreasing

moment when the length of the side is 10
(2) the rate of increase of the perimeter,
(b) the rate of increase of the area.
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Answers:

1 (8) 2x-5x=3 (b) 2x+6,x2=3
(C) -3“2x,x$?% (d) x-s.):'?—ﬁ-

(c) 10x+3,x§a-—% © _4_51;,,1;.-5;-%.

2 (a) 2x+4x<=2 (b) 2m-3,x52
© -3+2xx<3 (@) 4x-8x<2
(e) 7—41,13% (f —5—-14x,xa-—-l%

3 (@ () (4,-12) (i) minimum (iv) f(x)=-12
(b) (i) (-2,~7) (i) minimum (iv) f(x)=~T
(© @ (34 Gi) minimm @) f(x) > 1
(d) () (-3,03) (Gi) maximum (iv) f(x)=<13
() (i) (=3,0) (ii) minimum (iv) f(x)=0
® @ (-42) (@) maximum (iv) f(x) <2

4 (@) (-4,213), maximum;(3,-130), minimum
(b) (-3,88), maximum;(5,~168), minimurm
(¢) (0,0), minimum; (1,1),neither

(d) (~2,65), maximum;(0,1), neither;
- (2,-63), minimum
(e) (-% —%) minimum; (% ,-i-), maximum
(f) (-1,0), neither
(g) (-1,-2), maximum; (1,2), minimum

(h) (3,27), minimum

(i) none
G (%r%).minimum
(k) (6,-1—12—), maximum

@ (-2,17), miniroum
(m) (1,3), maximum
(n) (~1,-5), minimum

(o) (0,0}, minimum,; (% ,3%%), maximum
N

5 () 48ems?  (b) 24 e’ 57!
¢ @ 240mm?s~! (b)) 2400 mm> st
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First translat i
e the informatiop into a niathematical fi
orm.

Let Vm? be the'
f seconds be fhz :il:::n;e o lhe balloon, and let r metres be its radius. Let
or which the balloon has been inflating. Then 3.'011 are given

dVv
that — =5 and
y o= :
dr- 4, and you are asked to find % at that moment.

Your other piece of i 5
of information is that the balloon is spherical, so that V = %n’r’ )

The key to .
Y.fo solving l;%]e Problem is to use the chain rule in the form

dv _dv dr
d.l‘ dr_xa'

You can now u EZ B 2 .
formula gives ¢ ——=47r”. Substituting the various values into the chain rule
5=(4n X 4%)x &
dr-

Therefore, rearrsanging'this equation, you find that e ¥ af;— , o the radius is
inrreasing at —ms™. - o "
b2

Example
The suxl'facs area of a cube is increasing at a constant rate of 24 cm? s~'. Find the rate at
which its volume is increasing at the moment when the volume is 216 cm”.
Let the side of the cube be x cm at time / seconds, let the surface areabe S em?
and let the volume be V em?.
dv :
nd Py when \4 —©@\%

Then §=6x%, V=x’and %'f—=24,andyouneedtoﬁ

which is when x* =216,0r x=6.
< ; ©
it you know S and want fo firei V. yeu reed to find x first. Similarly, whe@w know

d§ and want to find % you shouid eXpect i find % first. §

dv 4V _dr o2 BPAN 17 dx
s — I s— '.._..._..-__f' T i h =6,.——=108_—_
From the chain rule, & X Tl 3x dr,sc’.w # e i

’ . " M . L]
ds ﬁ xﬁ-ﬁ = 12xd-i‘ ,50 24 =(12 XG)\.‘gwmg — = % . Substituting
d @e - dt

But —&;=dx i P P
%‘-’:mgf‘&”f@im %g;\osx% =36
t ;

L

‘ot . 3 -1
Therefore the volume is increasing atarateof 36cm™s .

this in the equation
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Example

(x+1)% .

Find the minimum and maximum points on the graph of y=
The function is defined for all real numbers except 0.

2 2 ; ;
(x+1)° o X +2x41 _ gy x

To differentiate, write

X
d 2 _
Then &%:1 x~ -1_}17=’_x§_1-,so %—0 gives x 2_1=0,0r x=+*l,

2
The second derivative is %x—y =21 = —5- This has values —2 when x=-1,

and 2 when x =1. So (~1,0) is a maximum point and (1,4) is minimum point.
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Exerc
1. F(?r cach_of l_lllc fDllowing equati ISe #5
x is 2 units 7, find the 868 of 1018 connee

(ﬂ) ,\"':3.\'2- I;x._..z

ting x and y, if the rate

; ; of ch
change of y at the given instant, e
. (b)yr-?x’+-|;-:x=1

() y= (—ZT'_?-)T;.Y=2
@ y=@x-5%x= i;.

€ y=x'+2y=1p (y
e S
y= .r+l"vﬂ2

£ cquatj i
o ;lf Chgns connecting x and y, if the rate of change of y
- nge of x at the given instant.

@ y=x =2 x=13

2, For each of the followin
is 4 units ™, find the r

(b) y= 13{'{: x=2

(©) Yy=J2x+7:y=3
d y=x(x-4),x>0,y=5

3. The radius of a circle i €as
wh Increasds at a rate of 2 cm s, Fi i i
area e m s~. Find the rate of increase of its

(a) the radius is 4
cm, (b) the area is 97 em’.

4. The area of a circle inc
' . creases at\a rale of 2 r o ,
of the radius when the radius 136 o of 21t cm® 5™, Calculate the rate of incredse

., The radiu i isc i
’ at which :,h?_fa circular disc increases at a constant rate of 0.02 cm s~'. Find the rate
area 1s increasing when the radius is 10 cm.

. A circular ri 1s ¢ :
6 A, :Epl:: sgreads across a ilakc. If the area of the ripple increases at a rate
o s, find the rate at which the radius is increasing when the radius is
7. The radius of a sphere increases at a rate of 2 cm s”'. Find the rate of increase of

its volume when the radius is 3 cm.

8. Air is let out of a spherical balloon at a rate of 300 em’ s™'. Find the rate at which @
the radius is decreasing when @
(a) the radius is 2 cm, (b) the volume is 367 cm’. @

9, The area of a square increases at a rate of 10 em® s, Find the rate of changc@bufe

length of its side when the arca is 4 cm®. @

10. A metal cube is being expanded by heat. At the instant when the len _N@f:an edge

e cube is increasing at the rate of 0.012 %per second.

is 2 cm, the volume of th _
At what rate is the length of the edge increasing at this mslant‘_{& (C)

o ] L o - :
11. The surface arca of a cube Is increasing at 0.2 cm” 5™ Find £/ GF ihrease ol

the volume when the length of a side 1s 1 cm.

0,
are connected by the cquatim@\gf + ir Given that x is

! find the //)E\Jf increase of y when x = 2.

increasing at the rate O
-~ 3y cm. Given that the area is

id Of len th 2x cm -
(b) A rectangle has si esf . cm% ¢! find the rate of increase of the perimeter

increasing at a rate O
when x = 3. '

12. (a) Variables x and y
f .;_ unit s~



Answers

1. (a) 24 units s~
(d) 30 units s~'

& ot o
2. (a) T units s
3. (a) 1673 cm® s~

3
6. — |
2ﬂls

9, 22 cm st

12. (a) 3 units s

134

(b) 6 units 5
(e) 24 units 5™

(b) -:- units s () 12 units 5™

1
(b) 12m cm? 5! 4, e cm s

75
7. 2n cm® s 8. (a) Y cm s
10. 0.001 cm s  11. 0.05 cm’ 5™
(b) 10 cm s

(c) =36 units s
(f) 2 units s~

(d) % units g-!

50 0.47: sz g1

(b] E cm s
3
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A -
pplication of Differentiation

Exercise #6

which gives y a

For each of the followi
llowing expressions, calculate the value of x
imum.

stationary value. Determini
. Dete
Give your answers conr:-::lmg wh?“’cr this value of y is a minimum or a max
to 3 significant figures where necessary

@ y=20-8x+3 o ;
@ y=Br-6d] () ;22”2:-2)1
. ; y= 2nx - (X~

::;d :hc ?tatm;;i.-y values of the following functions
y=0 - +3 . .

b y=@«-3 2

(€ y=xv1-2x @ " p e+ 2)

y= o+l

If 2y + ¥ = -
x+y=10and A = xy, find the maximum value of A.
— 2. Another variable 2 is

- a minimum.

variable z is defined
value and show that

§;¥?n:§lgaP£ci x}and y vary in such a way that x +¥
y z=x"+)". Find the values of x and y that make

bThe; Eo.::u:*% \{Eriables x and y are such that ¥'y = 32. A third
Y N Y. l_nd the values of x and y that give za stationary
this value of z is a minimum ' )

A rectangle has sides x cm and y cm. If

the area of the rectangle is 16 cm’. show
that its perimeter, P cm, is given by P =2x+ 1?- Hence, calculate the v
w that this value of P is a mini

alue of x

murl.

which gives P a stationary value and sho
m, calculate the maximurm area.

If the perimeter of a rectangle is to be 80
A piece of wire of Jength 104 cm, is bent to form 2 =
trapezium 4s shown in the diagram. Express Y 10 Sgem \S_f -
he area, A em’, enclosed “\ @
/ @)

terms of x and show that
= 208x - 20x°. Find the __/@
(fx + ¥) cm Q

by the wire is given by

value of x and of y for which A 18 a maximum. W
2 The dimensions @ block
@

s a total surface area of 1.08 m~
m. Show that ft = 1_(_3_&6_—:_‘.‘_‘_

alue of x that m

A rectangle block ha
volume of

and hence €xp

m, 2x m and N1
n terms of x. Find the v akes this &éﬁle 4 maximum.
(C)

is a maximum is not required.) X
A \Cﬁis right—angled at B,

ular prism, the trianguiar basx 4
AB = 5x cm and BC = 12x cm. The sur of e le@- of all its edges 1 180 cm.
(a) Show that the volume, V cnt’, is given by@?\\g 800x" — 600x".

(b) Find the value of x for which V has 2 m@)gmum value.

are X

the block i
(Proof that it

In an upright triang
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Answers

1. (a) 2, min, (b) % min. (c) 0.144, max. (d) 5.14, max,
I e a1 1
2.(a) 3 () -6 © 37 (d) %
3-12-5 4.x=l'y=l SOI":Z;)’:Z 6‘4
7. 400 m? 8.y=52-8x,x= 52,y=104
9. -;-1(1.03 -4, x =03 10, (b) 2
."/'
(/{
|\
el
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Past Paper Questions

The equation of a curve is y = /(5x + 4).

(@) Calculate the gradicnt of the curve at the point where x = 1. [3]

an I::tlfoul]l‘: :\::l coordinates (x, y) moves along the curve in such a way that the rate of increase of x
i stant value 0.03 units per second. Find the rate of increase of y at the instant when

x=1 o
. ko
A curve has equation y = =. Given that the gradient of the curve is —3 when x = 2, find the value of
the constant k. (3]
The equation of a curve is y = 2x + 8
=
(i) Obtain expressions for gy and ﬁ 3]
dx dx2’
(if) Find the coordinates of the stationary point on the curve and determine the nature of the stationgj;
point.

(iii) Show that the normal to the curve at the point (—2, —2) intersects the x-axis at the point (-10, ?3)1

(iv) Find the area of the region enclosed by the curve, the x-axis and the lines x = 1 andx=2. [3]
The equation of a curve C is y = 2x> — 8x+9 and the equation of a line Lis x+y = 3.
(i) Find the x-coordinates of the points of intersection of L and C. [4]

(ii) Show that one of these points is also the stationary point of C. (3]

&
&

5

/ gz Xt 67+ Ox &%@

i

N
"}_e/ S

[

&
The diagram shows the curve y = x* —6x” + 9x for x ?\&@'i}e curve has a maximum point at A and a
minimum point on the x-axis at B. The normal to th‘% rve at C (2, 2) meets the normal to the curve
at B at the point D. é

(i) Find the coordinates of A and B. @é 31

(ii) Find the equation of the normal to the curve at C. 31

(iii) Find the area of the shaded region. [5]
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A solid rectangular block has a square base of side xcm. The height of the block is /1 cm and the totg

surface area of the block is 96cm?.

(i) Express 4 in terms of x and show that the volume, vem’, of the block is given by

V=24x —Jz'.lj- B3]
Given that x can vary,

(ii) find the stationary value of V, (3]
(ifi) determine whether this stationary value is a maximum or a minimum. [2]
A curve has equation y = 3 - 7 and P (2, 2) is a point on the curve.

x —

(D) Find the equation of the tangent to the curve at P. (4]
(If) Find the angle that this tangent makes with the x-axis. (2]
The equation of a curve is y =4 /x + \%

X
; : : dy

(i) Obtain an expression for 5= 3]

(ii) A point is moving along the curve in such a way that the x-coordinate is increasing at a constant
rate of 0.12 units per second. Find the rate of change of the y-coordinate when x = 4. (2]

The volume of a solid circular cylinder of radius rcm is 2507 cm’.

(1) Show that the total surface area, Scm?, of the cylinder is given by

, 500

S=2zr+ 2 g [2]
r

(if) Given that r can vary, find the stationary value of 5. [4]

(tif) Determine the nature of this stationary value. [2]

A curve has equationy = 2° + 322 = 9x + k, where k is a constant.

dv
(i) Write down an expression for a—_-l— [2]
(ii) Find the x-coordinates of the two stationary points on the curve. [2]
(iii) Hence find the two values of k for which the curve has a stationary point on the x-axis. [3]

A solid rectangular block has a base which measures 2xcm by xcm. The height of the block is y cm

and the volume of the block is 72 cm’.

(i) Express y in terms of x and show that the total surface area, A cm?, of the block is given by
9
Ud Sy 28 3]
X
Given that x can vary,
(ii) find the value of x for which A has a stationary value,

(iii) find this stationary value and determine whether it is a maximum or a minimum.

[3]
[3]



139

A curve has equation y = 2 | _2_

X
‘-_
o Write down expressions for ."1! and ‘FJ’
ax nd =, 61
() Find the coordinates of th i |
) € Stationary pojing on the curve and determine its nature [4]

() Find the volume of the sq);
0 linesx=landx=2is solid formeq when the region enclosed _——t
rotated cumplctcly about closed by the curve, the x-axis and the

the x-axis, 6
13 8 I ]

12em

-~ tm—a

e diagram show —seot; ;
Th g s the cross-section of 3 hollow cone and a circular cylinder. The cone has radius

6 cm and h'_:lhghtllz cm, and the cylinder has radius rem and height 1 cm. The cylinder just fits inside
the cone with all of its upper edge touching the surface of the cone.

() Express /1 in terms of r and hence show that the volume, V cm?, of the cylinder is given by

V=12rr" - 221, (3] |
|
(i) Given that r varies, find the stationary value of V. [4]
: 6 I
The equation of a curve is y = ; |
14 q T 6@
(i) Calculate the gradient of the curve at the point where x = 1. @U (3]

(ii) A point with coordinates (x, y) moves along the curve in such a way( a?ﬁhe rate of increase of
y has a constant value of 0.02 units per second. Find the rate of in%%se of xwhenx=1 [2]

1{>
(iii) The region between the curve, the x-axis and the lines x = i:%\(d?t = 1 is rotated through 360°

about the x-axis. Show fhat the volume obiained is 7. % 5] |

15 The equation of a curve is y = (Zx - 3)° 6. 2, @
dy d2 L © Il
(i) Express d_} and Ex% in terms of x. \@\/’ [3] -

4
& . .
(ii) Find the x-coordinates of the two statio ’; “points and determine the nature of each stationary

point. [5]
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16

axcm

A wire, 80cm long, is cut into two pie
other piece is bent o form a circle of ra

circle is A cm?.

s bent to form a square of side xcm and gy,

_ One piece i
ces P ). The total area of the square and h,

dius rcm (see diagram

2 _ 160x + 1600
(i) Show that A = (% +4)x ’r60x . [4]

(ii) Given that x and r can vary, find the value of x for which A has a stationary value. )

¥
h
’ }1:.1'2--4I+7

17 \

2y=.‘l'+5

X

a
+2 — 4x + 7, which intersect at the points

The diagram shows the line 2y =x+5 and the curve y =
A and B. Find
(3]

(a) the x-coordinates of A and B,

(b) the equation of the tangent to the curve at B, [3]
(c) the acute angle, in degrees correct to 1 decimal place, between this tangent and the line
(3]

2y =x+3.

The diagram shows an open rectangular tank of height & metres covered with a lid. The base of the
tank has sides of length x metres and x metres and the lid is a rectangle with sides of length 3 metres

and ¢x metres. When full the tank holds 4 m? of water. The material from which the tank is made is
of negligible thickness. The external surface area of the tank together with the area of the top of the
lidisAm®,

. : 24
(i) Express h in terms of x and hence show that A = P+ = [5]
X

(ii) Given that x can vary, find the value of x for which A is a minimum, showing clearly that A is 2
[5]

minimum and not a maximum.
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The equation of a curve is y = /(8x — ). Find

. : dy
(i) an expression for —, .
dx and the coordinates of the stationary point on the curve, (4]
i) the volume obtained .
(i) 360° about the x-axis when the region bounded by the curve and the x-axis is rotated through
20 [4]
B X 2em o~
"
40m
Playground
Y
4 xm
] 60m —=8
The diagram shows a plan for a rectangular park ABCD, in which AB = 40 m and AD = 60 m. Points
X and Y lie on BC and CD respectively and AX, XY and YA are paths that surround a triangular
playground. The length of DY is xm and the length of XC is 2xm-
(i) Show that the area, A m?, of the playground is given by
A = x* — 30x+ 1200 2]
s¢ (ii) Given thatx can vary, find the minimum area of the playground. (3]
5
A
5(0,12)
R
] NS
In the diagram, § is the point (0, 12) and T is the point (16, 0). The point @ lies © . between 5
and 7T, and has coordinates (X, y)- The points £ and R lie on the x-axis and y- 2 pectively and
OPQRisa rectangle. @
(i) Show that the ared, A, of the rectangle OF QR is given by A = 12¥ (3]
.,
(i) Given that x can vary, find the stationary value of A and deten\rgtg ts nature. [4]
12 &
2 A curve has equation y = 3-:-3_:; @@ﬂ
g Oy \@’ 2]
(i) Find —-
ik v
A point moves along this curve. As the point s Ltmou.gh A. the x-coordinate 15 1ncrzz&;l§g ata
rate of 0.15 units per second and the y-coordinate s increasing at a rate of 0.4 units per secor=:
[4]

(ii) Find the possible ¢-coordinates of A-



() (if) 0.025 units/sec

3 (i 2_,__!\_—‘:_ :%?- (ii) (2 6) minimum
(iii) (-10, 0) (iv) 7 sq. units

4 ) X=> 1-;: (ii) 2, n

o ()40 HBG 0 (i) 3y-x=4 (i) zé- units®
() .%- unit®

¢ () o (iii) the stationary value is a maximum.

7 (i) 3x+r=8 (i) 108.4¢

s (i) %.-.1 (ii) £ 0.105 units/sec

g (i) 471em* (iii). minimum value.

10 (i) 3¢ +6x=9 (i) x=1, or x=-3

(i) k=5, -27

11 (i) =x=3

1 ()24 (i) 1, 3) (i minimum (iv)-143

13 (i) :647

14 (i}% (ii)= 0.015 units/sec

15 (i) s 24(25—3) (i) x=1 and x=2

16

17

at x=1. the stationary point i$ & maximum point.
at x=2. the stationary point is a minimum

(ii) 112 em

| w

(E} x-coordinate of 4 is: x=

r=coordinate of B is: x=
(b) ¥=2x+2=0 (c) :36.8°

(ii) 4 isaminimumat x=2

() == .4 (i SS%z units®
(i) 975m*

143

21 (i)

A8  stationary value of A is a maximum

22 (i) (3_2;: 5 (i)s00r3.

1 .
23 (ii) 'Wi cins

6 . ;
24 (i) "FEETF (i) ~aony <° (iv) 0.04 units/sec
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INTEGRATION

Y

and Integrate (ax+b)” (for any rational excepy
-1}

Syllabus:
Understand integration as the reverse process of differentiation,

Together with constant multiples, sums and differences:

Solve problems involving the evaluation of a constant of integration. e.g to find the equation of the cury, “"Oug

(1-2) for which Q =2x+1
d‘.
; G %
2 -2
Evaluate definite integrals (including simple cases of ‘improper’ integrals, such as J: A dxandL x"dx);

Use definite integration to find.
The area of a region bounded by a curve and lines parallel to the axes, or between two cUrves.

A volume of revolution about one of the axes.

INTEGRATION

In the process of differentiation, if y = lx2 + k, where k is any constant, then dy/dx = x. This means that for any

1
curve define by y = —x*+k have the same gradient function dy/dx = x.
Conversely, for gradient function dy/dx = x. The equation of the curve is of the form y = — x*+K. this process is of
the reverse of differentiation and is called integration, where K is any arbitrary constant and known as the constant of

integration.

Indefinite integral

1
There is an arbitrary constant ‘k’ in the expression 5xi‘ +K, which shows that it is not a unique function. That is
why the expression is called indefinite integral. '
1
i.e.i lJc2+K —2h — f xdx=—x*+K
dx\2 2

Power rule of integration

: I dx means, the

In general if n # -1, a and n are constants, then f ax" dx =

integral of (...) w.r.t x.



145

] ess of differentiation
- integration  reverses tha

e [418 =
I cdx==cx+k

n of sum and difference function
integration IS distributive in case of sum or difference of functions:

b, I(a#b)dx:_[ axdxif bdx
e

Eﬁ}it_e,,i|""-"'3—gr—a—|

in general if d/dx F(x) = (), then the change in F(x) when x changes form c.to b is

£ (b)—F(@) = [F(X)T"s T f(x)dx

= _{ f(x)cix=F(b)-F(a)

a

ea between the curve and axis (Shaded area):

If 3’ and ‘b’ are the limits of region under the curve on x-axis, then area from x=a to X = b is. Area under the

b
Qe = I f(x)dx where f(x) >, 0 fora<x<bie. The curve lie upward to the x-axis. F (x) < 0 means t@hﬂ curve lie

’ ©

b
osed by the curve and x-axis form x=a to x=b @ga = J — f(x)dx

downward to the x-axis. In this case the area encl
0
0

flwheref(x)cl}foroa<x<b. Q
&%

' Areabetween a curve and y axis
Area bounded by the curve X = h(y), the y-axis and the linesy=ato v@ en by

ﬁl’&a=jxdy wherex>,0f0r3<y<b @\
3 @@

X<Omeans that the curve lies in 2™ o 3" quadrent then area = j — xdy wherex<0fora<ys< b

“I
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Area between two curves ,
tion of below curve of the region anq /5 ndry
are

Ify = f (x) is equation of upper curve and y = g (x) Is the equa

the limits of area on x-axis then

4 fix), 28 (X)) for the .
Area bounded by the curves = _[(f(x)—g(x))df where  f( . 'nten:a|

a< x<b,
If limits of bounded region on x-axis are not given, then limits can be found by finding the points of intersecticm
of line and curve of two curves.
Volume of revolution about -axis
If y = f(x) is the final equation of bounded area and ‘a’ and ‘b’ are the limits of required region on X-axis, Then

b
volume of rotation about x-axis = f yidx. 106

a

Wherey = f(x) and a<x < b

Whenx=h (y) andy=a andy = b are the limits on y-axis

b
Then volume of rotation about y-axis = & J‘ x*dy.

a

Equation of curve
nd

To find equation of curve always integrate its derivative. First separate and then apply integration on both sides. To fi
value of integration constant, put coordinate of the point lie on the curve in the equation and then put that value of
integration constant in final

P

e

>

%\
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.[g(ax"'b)d"":;f(ﬂ-t_+b)+k where f(x) i,m,mminmgﬂof §(x).

E!Ill‘lple :

Find the integrals of (s) 5=75, o 1x)
J.(s 2Jr)id""="l(5 2x)l+k

»[ F ,f(3 » ‘ +k= Lok
(3-x) 5 d.x__[x @-07+ 3-x

Example |

Ji(la—'(zxfn‘]dx |

=[16x-% (2x+])’] :

= (16 3= (2xs+1)")-(16x(-§-s(ex(-3)+ )
=(8-gx2°)-(-24-%x(-2°)

=43-(-208)=256.
Examplt

ation.
The graph of y=f(x) passes through (2,3),and f ‘(x) = 6x* - 5x. Find its equ
The indefinite integral is 63} -5 s(Lx*)+k, 5o the graph has equation

' y=2x3—%x2+k‘

| for some constant % . The coordinates x =2, y=3 have to satisfy misequm%g\\go

3=2x8-5x4+k, giving k=3-16+10=-3. ©

V
- :/@
The equation of the graph s therefors ¥ -'—”-”;.x’ -gx =3 &O %
G
S
S
a
Y
o®
O
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Practice Questions

Exercise #1
1. Find an expression for y if % is each of the following:
2 [
@22 M5 @ @-x © 75 O

2. Find an expression for y if % is each of the following:

(.) 6x + 3 (b) 4 (C) 31(.1: + 2)
1 (r) 2x1 +3
(d) (x-1Xx+2) (e) x(2+ ) x
3. Integrate with respect to x.
2
1
(@ X+ ;1-; (b) %fz—
© 3-4x @ Jx(Jx +3
4. Given that a and b are constants, integrate with respect {0 X.
(@ ax+b (b) a-bd
5. Find
4 1
(a) J'(z + 4x - 3x%) dx, (b) I[r = ;r) dx,
2 x+1
(c) J'(Zx— Vx)* dx, (d) I_\,;- dr.
6. Find the equation 01; the curve which passes through the point (2, 4) and for which
L = xGx- 1),

7. Find the equation of the curve which passes through the points (2, -2) and (4, 2)
and for which % = X’(x — k) where k is a constant.

8. Given that the gradient of a curve is 2x + % and that the curve passes through the
X

point (-1, 5), determine the equation of the curve.
9 Integrate with respect to x.

@@ Gx+ 1)* )1 -x° (€ 2x+ 5>
2 1
(d) ﬁﬁx -1 (E) m (f) ﬁ
'3 4 i 4
® 5(3x = 1)° (h) 346x - | ® [1 - Exj
Find

@) _[(1 _xfdy, (b) _[ 32c-52dr, (o) I(TzT dv,  (d) IJ4r—ld:.
-X

Given that % = (3x - 2)* and that y = 0 when x = 1, calculate the value of y when
x=15. ‘

12. The gradient of a curve is 6(4x — 1)’ and the curve passes through the origin. Find
the equation of the curve.
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Answers

1L @y=3¥+c ®) y=-Sc+c @y=2d 4c
@@y=73 +c ©y=4yF ¢ . ymeay w6

z_(.)y=3x!+3x+r ) ym A o (c}y-f‘ilz’+c
@y= 37+ 38~ (Op=serec hy=2e-2+¢

P o 11 3 3
3@ 38= +c (b)?r—-z:-pc (I:)Bx—-:-x’-f—r: (d)%x!.}.zxiq-c
1
4 () gartbree (b)ax- 365" +c
5 3
5. (@2x+2¢-x'+c (b -;*x’-!--l—d-c (©) %x’—%xi+%x’+c (d)%l""lﬁ*"
X

3
- — 41
g.y=x-,7+*%

6'}'="J-%f'2 T-)‘=%#-x*+2
1 2+ C
9 (a) -l-lg(3x+ ])5 +c (b) _%(1 -x'+cC (c)—4(21+ 5y
@ : 1 -' ~J3=2x ¢
(d) 3(61“1)2 +c e #0 M) -3-2x
8
8 ———ﬁ] +:C (h) i-Jﬁx—l +C (i -]—_——z; +c
25(3x = 1) 9 | 3
2 d) —(4t - 1)z +¢
10 . @-S-D+c  ©) Lar-spec @237 @
1 1
11 1.625 12 ,y= 5(4);_ D'+ .5
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Exercise #3

1 Integrate the following with respect to x.

® (2:+|)f ® (3x-5)* @© (1=7x)}
&) (Sx+2)° 0. 20-37 @ (_fﬁf

@ VI0x+1 O ®© (4x+2)

2 Evaluate the following integrals,
s - : 5 3

(a) f (2x-1’dx  (b) j NIx=lde  (c) j : 7 dx
1 1 ) 1(1+2)

; P
3 Given dm-fm(tlx—-j]‘ dx =51.2, find the value of p.

4 Find the following indefinite integrals.

(a) f 1—13(!.: N . ® J’(x’-_fz—)dx

. |

(d? (§x+l)'°
3
) ey

8
® 2 +6x

k|
@ f .
1 (x+2) "

(c) f&d.:

® J.;;l;dx o

4

© J‘ 10
1 - "
dx

L fﬂ?

© f'(x)=x%

O fx)=5-27
X

4
G 6 idx jﬁx +5
) f X (e) = dx
Evaluate the following definite integrals,
8 ) .
® fo 12¥/x dx ®) F%dx
2
@ f G} +x3)d.x © J’ a3 P
1
Find a general expression for the function f(x) in each of the following cases.
@ f(x)=x7 ® f(x)=3x"
3 1 1
x)=4x-= f'(x)=—~—
(d) f(x)=4x 5 (e) f'(x) 3

The graph of y=f(x) passes through (%.

A curve passes through the point (25,3) and is such that

the curve.

5) and f'(x)= -%- . Find its equation.

d
—= . Find the equation of
T eq

A curve passes through the point (1,5) and is such that % =‘§G —% . Find the equation of
: X

the curve,
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Answers:

1 (a) —]%(23'+l)1+k - (b) 1(3,.._5)5_1.3.
© -a0=-7x)+k () -31-'-;-';'+1)“+k
(e) _—i‘ﬁ(s“z)"brk ® 2(1-32)" +k
® -gO+) 4k @) -Ldx+1)? 4k
@ S00x+D)i+k G V2x-1+k
& %(%x+2)§+k ) !g(2+6x)*+k

26 80 ®MZE ©i O

3 225
@ -Lak o) Lesled
4 2x% . 3T T x )
() %xv’;+k_' () lsﬁxs"’+k
& 2x3-%+k @ Wr+k

c@ 4 1l @20
@ 6 @1 O3

6 1 I
@ -;+f: ®) —3*
3 iy 2
@) =g @) gt
1 1 i 2. 234k
(e) —E;z-+§;3- k (0 x gr T
7 }n=—41-1+13
" y=Vx-2
9 y=3xP+ 35745
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Exercise #4

1, Evaluate the following definite integrals.

(a) faxdt b f*d-r

| L dx
d) J:‘ 57 dx (e) '[.7';
2. Evaluate the following definite integrals.
1
(a) J. (8x — 4) dx (b)
-1
(d)

(© J"(éx—ilﬁ)dx

o [le-3e

3. Evaluate the following definite integrals.

(f)

(a) _r x(x* - 2) dx (b)
(c) f x(x - 2)(x +2) dr d
®

3
(e I ;‘f(4fﬂ9)¢c

4, Evaluate the following definite integrals.

@ f =4l (b)
2x -1
(0 r o - dx (d)
3 3
© | =5t a ®
Answers "' :
1. (a) 31% ) 17% © 2
2. (a) -8 (b) 7 (c) 31
3. (a0 a1 3
(a) (b) 16 (c) 1‘1
3
@32 m2; @73

PR
(© J:;*’d:

() li;dx
f(3f-2.x+5)dx
JT(J;—:;;)dx

J-I(S.lr'1 -2+ '2‘%1‘) dx

-2
(x+ Dx - 2) dx
|
Sl - Jx)
[ 22— 347) dx
j 1-2x 2::
f® I
J‘ P ez gy
x.!.
RN
1 2
(d) T (e) 2 (f) 12-5-
2 1 1
d) - - o
@ 3 © 3 (1) 28
2 4
(d) —25 (e) 2 (f “31
1 |
d) 0 (e -5 () —3-2'
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. Past Paper Questions
Differentiation&Integration

A curve is such that dy -
dx 3x} = 6 and the point (9, 2) lies on the curve:
(5]

(Y] Find the egquation of the ¢
ine the natore of the

Find the x-coonrdi
statiopary point. nate of the stationary point on the curve and determ
31
The equation of a curve is s dy 6
uch that == = ————-. Given lhatdlecurvcpassﬂthfmsbm"l""m'
p(2, 11). find dr ~ V(3x-2)
the ti
()] equation of the normal to the curve at P, 3]
(i) the unaﬁon of the curve. 4]
g dy
A curve 1is su - = 3
ch that == = ————=y and the point (1, %) lies on the curve.
(1+2x) 2
(i) Find the equation of the curve. 4]
(i) Find the set of values of x for which the gradient of the curve is 1ess than %- 131
, dy 2
A curve is such that == = == — 1 and P (9. 5) is a point on the curve.
(i) Find the equation of the curve. kS
(iiy Find the coordinates of the stationary point on the curve: £
2]

d*y ) .
<2 and determine the nature of the stationary point.

(iii) Find an expression for
x-axis. Find the value

() The normal to the curve at P makes an angle of tan~' k with the positive
of k. 121
42

Y _ _4x. Thecurve hasa maximum point at (2, 12).

/. curve is such that .—7 =
dx
6]

F%.OS units

'z} Find the equation of the curve.
y that the -coordinate is increas‘u@@

along the curve in such a wa

/. point P moves
pzr second.
N/
(i) Find the rate at which the y-coordinate is changing when X = 3, stating w &r the y-coordinate
is increasing or decreasing. 21

1 |
4307 -

&

= f(x) and is such that £'{x} = 10

A curve has equation y
or otherwise, find the \f;&f x for which the curve ¥y = f(x)
[4]

1
the substitution & = X2,

(i) By using
has stationary points.
(if) Find f"(x) and hence, O otherwise, determine the of each stationary point. [3]
[4]

S
(iii) It is given that the curve y = f(x) passes thro e point (4 —7). Find f(x).
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The equation of a curve is ¥ = 37775
hcﬂm tl'l.'. curve hu .
jon for dy and determing, with a reason, W 0y sy
s —

Hpm—— et

. d by the curve, nats axes o

hen the region bounde
@ e x= 1 i rotm i :3&0’ about the x-axis. | g
linex= lis mlaled l-hmus k { tcrmts the curve at two dﬂsunﬂ

— n |
which the line y =x+ %1 |
(ki) Find the set of values of k for Ay .

. 7] =
A curve has equation y = f(x). It is given that f'(x)
. : ing function.
(i) Find the set of values of x for which f is an increasing

d f(x).

i the curve passes through (1, 3), fin )

(i) Given that the p ' £'(x) = 2x — 6. The range of the function js given

A function f is defined for x € R and is such that £'( by

f(x) = —4.
. -
(i) State the value of x for which f(x) has a stationary valu 0]
(ii) Find an expression for f(x) in terms of X. ' . [
is gi =2 + kx— _
A curve y = f(x) has a stationary point at P (3, —10)- It is given that £'(x) * 12, where u‘
a constant.
oordinate of the other stationary point, Q. 4

(i) Show that k = —2 and hence find the x<
(i) Find f”(x) and determine the nature of each of the stationary points P and Q. 2

(i) Find f(x). %l

A curve is such that 4 .

4 3
— =2(3x+4)°-6x—8.
dx ( )

d3y
i) Find —%.
() Fin _ o
(ii) Verify that the curve has a stationary point when x = —1 and determine its nature. 2

(iii) It is now given that the stationary point on the curve has coordinates (-1, 5). Find the equation |
of the curve, 5 ‘

&



, 2) 2=m54—-54 4 ¢
} ﬁc-z,

, e (or Y9 Minimum

3 y-1 =-1(x-2)

':'15“3-\."2 +3
3(-I+2;r)"

"!s =2
: sub (1. (1/2))

l __ —+c=>c=1

—_—=

2 -6
1 +23)°(>)9 or 4x’-
@ {2
I?l,-"{_z ISW
4 y:4-\{;—‘1(+c]
Ugs(9,5]mmi1

—C=

.x=4,J’ =6
3

dz}' —r? —s-ye—Max
(i) E—;;-"’

+(c)

e

k=3

3
__Z* ,8x (+O
M

4
Subs (2, 12) — C= 3
_, decreasing at 0.5 units per second

6 ﬁ:%orfi

|
:J;=-"§ or9

=i):»0—)-Min
9
3 ]
E] 3 _10x (F¢)
e fix) = 2x° 40X 1 .
(m)f{.’?'smﬂzﬂww
c=5

1 9 .(. No tuming points

,__.—-—_-’-7_

@-xy

287 ori2m)
2
-lb' - l-'-..‘“

k<-8, k>4

—rary

. x<-5/3,x>1
fr)=x* +x'-5x+6

155

w3

f(x)=x"~6x+5
x =2, (Allow also =3)

f(x)=4x-2 )

® f"(3)>0hcnccmmatP
r'(-2)<30henc=mme

(i) f{1)=§x"'—xz-—|2¥(+¢')

=17

-lo) x [+ 4] -16)

10

11 i f
=3 >0 hence minimum

4
T
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Area under A Curve

Animpmtnntlpp!laﬂonoflnmﬁouhhﬂndingtbc area nndm'ngiunm
y=fle).

A-ﬁf(x]dt area bounded by y=H(x), x=&, x=b and x-axis

)

0 i=a x=b

If area is below the x-axis:

I';&-=ff(.f]dx or Er(x)d:,“ m@ga'ﬁ;m;san'mmm

\ ' /,.«,;
= I

e b

Z

=

If area is both above and below the x-axis:

A= J001e] [tmaomniam|
{ 7.{(;)' Y @
e T

=)




If area is betwy
b ' hm ﬂlﬂ“ r-f(x) m.’-“(x)l

R S
A e
Y4 '

e o y=gl=)
;W

(.
|

0

‘ b
lf.a_rgl:_ is between a curve and the y-axis:

jA‘lfx,{b' or (¢ gly)dy | ¢and dare fimits on y-axis and the curve
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1 e roghon Ts 61 e WA 840 of yuasie, you need 10 interchange the mits.-

Example

The curve (y~1)" = 244 meets the y-axis at A and B, Caleulats the area of the region
bounded by the curve and the y-axis.

(r-1)*=x+4
_ x=(y-1)'-4
At 20, (y-1) wzsd
S (r-1)te4
y-1=20r -2
" y=30r -1

s A ilfO.S). Bis (o.-IJ

Area = U’l xd){
=LC (v -1)9..4(1_4 «[or g r-1-aay] =
s
3] \
Jo-s-0-(5-109]
+

2

=102 units? (Ans) J
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A
PRlication of Integration

1. For each Exemise #1
i ch of the fol
@ 3 Oflowing, find the shaded area.
| ® 3

Y=x(4-x)

X

2. For each of the foll
(a) 1’9 ollowing, find the sha?:;i area.

3. Find the area bounded by the following: N
(a) J’=J-’J;I'=2,X=3,x-ax1s (b) y:-——x-l.t 3, x-axis.

For each of the following, find the x-coordinate of the point P and calculate the

area of the shaded region.
(a) (b) (c)
4 y y @%

5 The diagram shows a shaded region bounded by the ¢
y=x,y=8 8 — x* and the y-axis. Find the ared
shaded region-

%
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The diagram shows part of the 7  The diagram s:hows part of lh;
curves y = 27 + Jand y = 3¢ + 2, curves y = x' — 4x + 3 ar}ul
intersecting at (1, 5). Find the area y = 6x - 5 ¥, intersecting at the

shad ion, points A and B, Calculate
o e ‘ihB. ) (a) the coordinates of A and B,

(b) the area of the shaded region.

Y

} -1

24

Answers
L (a) lO% 5q. units  (b) 6 sq. units

1 i
2. (a) 45 5Q. units (b) 6 sq. units
1 .
3 (@) 167 sq. units (b) 2% sq. units
(a) 2. % 5q. units (b) 3, 5q. units (c) 2. 9% $q. units
5 g 0 -
2 2
10; 5. units 3 4. units

(a) A(l. 0), B(4, 3) (b) 9 sq. units
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Exercise #2

¥
4

(1
- ;
The diagram shows the curve y = 6x — 12 and the line y = 5. Find the area of the shaded region. [6]
2 x
[#)
The diagram shows part of the curve y =X+ :1- which has 2 minimum point at M. The line ¥ =
intersects the curve at the points A and B. ¥
(i) Find the coordinates of A, B and M. o
(ii) Find the volume obtained when the shaded region is rotated through 360° about the x-axis. [61
3 (i) Sketch the curvey = (x—2)% | (1
ed by the curve, the y-axis and the y-axis is rotated through 360° about the
ur answer in terms of . [4]

(ii) The region enclos

x-axis. Find the volume obtained, giving YO

1
4 Find J(Bx —2)°dxand hence find the value of J (3x— 2)° dx. @D@ 4]

0

5 ©
C’
@@
= A%@
AN
ol
3
e N
8 (25 ] )

The diagram shows part of the curve X = =3 = > c the y-axis at the point A. The point B (6, 1)
lies on the curve.. The shaded region is bbund%@he curve, the y-axis and the line )’ = I. Find the
ed when this shaded rcgion\gmtﬂtcd through 360° about the y-axis. [6]

exact volume obtain
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A
6 r
“'” y.-:{x-Z}‘
¢
e
3 L >
0 B\
i 1 the curve.
The diagram shows part of the curve y = (x- 2)* and l!;eal:%“‘ A(1, 1) on the curve. The "mgtma
A cuts the x-axis at B and the normal at A cuts the y-axi
(i) Find the coordinates of B and C. [6
Ja h . J
> g L= re a and b are integars.
(ii) Find the distance AC, giving your answer il the form —-=» whe gers 2
(iii) Find the area of the shaded region. [4]!
[3]!

Find J.(,-.-+ %)2 dx.

o
8 . . . .
The diagram shows parts of the curves y =9 — 1 and y = — and their points of intersection 7 and (,
X
The x-coordinates of £ and Q are a and b respectively. '
(i) Show that x = @ and x = b are roots of the equation x° —9x" + 8 = 0. Solve this equation and

[4]

hence state the value of @ and the value of b.
|

B3]

(ii) Find the area of the shaded region between the two curves.

(iii) The tangents to the two curves at x = ¢ (where @ < ¢ < £} are parallel to each other. Find the

| 4]
4

value of c.

i I x ?9)

The dia_gram shows the curve y = /(I + 2x) meeting the x-axis at A and the v-axis at 8. The
y-coordinate of the point C on the curve is 3. i

(i) Find the coordinates of B and C. (2]
(ii) Find the equation of the hormal to the curve at C. 4

(iii) Find the volume obtained when the shaded region is rotated through 360° about the y-axis. [5]




105
i

10

______,..-—-""!‘
=+l

) and (0, 1).

), meeting at (-1.0

The diagram shows the line y = x+1 and the curvey

(i) Find the area of the shaded region.
gion is mtalﬂ
e equation of the

(i) Find the volume obtained when the shaded €
e curve- Find th

11 A curve is such tha dy = B _ | and the point 2 4 lies on th
curve. dx x 4]
; P r
= 2c-1
O
-~
The diagram shows the curve y* =2x—1 and the straight line 3y =2X— 1. The curve and straight line
intersect at x = ’5 and x = a, where a is 2 constant.
0
(i) Show thata=5. 2]
(i) Find, showing all necessary working, the area of the shaded region- [6]
13 }
y=atr=2
0 - I ©
T vacm 4
h equation ¥ = x(x— 2)*. The minindA point on the curve has
4 and b are constants.

rve wil
nates (d, 0) and the x-coerdinate of the max

coordi
(i) State the value of @ %@
(ii) Find the value of b. @ [4]
of the shaded region- @@ [4]

(iii) Find the area

The diagram shows the cu
jmum point isbh,w

(1]

(iv) The gradient, %, of the curve has a miniml@hc . Find the value of m. [4
1 6
+2 and that f(3) = 1. Find f(x). [5]

)= —

Jx+6) x
y=x T +1and that f(4) =5 Find f(x). [4]

14
A curve has equation y = f(x). Itis given th

15
— f(x). Itis given that f'(x

A curve has equation ¥




Answers

......... —_—e—

1 Shaded area = 10%

24+4(1,5), B4, 5)
whep x= 2, M(2,4)

=187
J 3—2£ or 6.4n
5
6
_(3x-2) 3 (+o)
6
»—3%
-Y2=ﬁ;——3—%+4
-‘|.1 -v"'
v 6%T

7 ————»i+2x+(c}
X

g () B=(01)C=(43)
y==3x+15
2
.
15

164

13

14

10

1.2
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Volume of Revolution

A
2. Volume: '/-.—:/j-'(‘;;’-

Y

o / -
Volume of shaded region revolved 27 aboutthe X

_______ “ ~r

y y
/ —

X
0/ .

k tine =7 [/ () — kT dx

—axis =7 ”f(x)]z dx

__y_ff____—-e

N\
N
AN

Volume of shaded region revolved 2z about the y =

Volume of shaded region revolved 27 about the x —axis @Q}

=rrj[f{x)]1dr—:r(kl)(b—a) ©
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A o]

h
volume of shaded region revolved 2z about the y—axis =z _f [ ay

O x=k[ x

b.
Volume of shaded region revolved 2z about the x = k line =ﬁj[g(_}-‘) —k]z dy

Volume of shaded region revolved 2z about the y— axis

—.fz'ﬂg(j )] dy - kb a)
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Whe! eoi
“:)“.'efeslmumemwh of y=f(x) between 5 =a and x=b (where
is rotated about the x-axis, the volume of the solid of revolution formed is

f:“(f(x))n dx, or r ry? dx.

Whe':_' .ﬂ:'e region bounded by the graph of ¥ =£(%)s the
y-axis is rotated about the y-axis, the yolume of the s0

d

j ﬂ'.r2 dy.

<

Remember that the limils In the integral are fimilts for ¥, no! for x.’

Example

== = e ——

lines y=c and y=d and the
lid of revolution formed is

' 2

Find the volume generated when the region under the graph of ¥y = 1 :i-x benwl.-.n |
x=-1 and x =1 is rotated through four right angles about the x-axis.

ace of 360° for describing a full

The phrase ‘four right angles’ is somelimes used in ph

rotation about the x -axis.

The required volume is V ,. where
1 1 :
v=f ?ryzdx=j z(l-}-xz)zd.x"'_]’ a1+ 257 + 5 &
-1 - Ja =

“[rfe 324321,

{1+ 3D (0 33T =EE

The volume of the solid is %gzz :

it is usual o give the result as an exact multiple of 7, unless you are asked for an
ificant figures o decimal places.

answer correct to a given number of sign

Example |
Find the volume generated when the region bounded by y= x° and the y-a.xCxﬁj tween

y=1and y=8is rotated through 360° about the y-axis.
B
[ x® dy, you necd to exprcS@??’m terms of y.

i
erted to give xsy%, s0 d@)@&z =y§. Then

The equation y=x" can be inv

=

=zé>'<32)*n(%x l):gsgrz. @
&>

\

Since the volume is given by

o

The required volume is %’lx.
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Practice Questions

Exercise #3 |
tween the following curves and the x-axis is fotateq

In each case the region enclosed be
: through 360° about the x-axis. Find the volume of the sloIid 2gmmramd,
=]-x
(a) y=(x+1)(x-3) (b) ¥ .
(d y=x"-3x
() y=x2—5x+6 ‘
‘ "y |
,  The region enclosed between the graphs of y=xand y=x"18 denoted by R. Find the
volume generated when R is rotated through 360° about
(a) the x-axis, _ (b) the y-axis. |
: T ! 2 e ;
3 The region enclosed between the graphs of y = 4x and y=x° is denoted by R.Find the
volume generated when R is rotated through 360° about .
(a) the x-axis, ' _ (b) the y-axis.
- 5
The region énr_:loSﬁd-beMeen the graphs of y= Jx and y= x? is denoted by R. Find the
4  volume generated when R is rotated through 360° "about _
(a) the x-axis, _ : (b) the y-axis.

0

: sl :
The diagram shows part of the curve y =.x + = which has a miniraun point at M. The line y =35
intersects the curve at the points 4 and B. )
[3]

(i) Find the coordinates of A, I3 and M.
(i) Find the volume obtained when the shaded region is rotated through 360° about the x-axis. [6]

Nt

@f
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Answers
512 )
1 (5-) 15 (b) ‘;—gﬂ
L 81
(c') 30": (d) 'I-ﬁ-ﬂ
2
2 @ ‘fg"r (b) El'-ﬂ'
2048
;@ Bn ©) B
3
4 @ 77 ®) =7
5 »
S
d x
4
m x+;-5—A(1.51.m4.51
v _, 4
dx x?
=0 when x= 2, M(2.4).
aiy Vol of cylinder = #5°.3

Vol under curve = jv’ dx

x* 16
Integral = ———+8x
3 x

Usecs his limits “1 to 47
— 75x —57x —18x
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past Paper Questions
Integration
(a) Differentiate 4,r+;‘;~ with respect to X. |

() Find f (4r+ }1‘6—) dx. 53]
[4)|

Evaluate f ' Vv(3x+ 1) dx.
0

The diagram shows part of the graph of ¥ = — and the normal to the curve at P (6, 3). This normg|
X .
meets the x-axis at . The point Q on the y-axis and the point S on the curve are such that PQ and SR

are parallel to the y-axis.
: . 1
() Find the equation of the normal at P and show that R is the point (45" 0). [5]

(i) Show that the volume of the solid obtained when the shaded region PORS is rotated through
(4]

360° about the x-axis is 187.
s on the curve, find the equation of

dy ; .
A curve is such that d—':_ — 2942 — 5. Given that the point (3, 8) lie
the curve. [4]
dy 4 . :
i o~ ___ and P (1, 8) is a point on the curve.
A curve is such that = T (I,8)isap

(i) The normal to the curve at the point £ meets the coordinate axes at © and at R. Find the
coordinates of the mid-point of OR. [5]
|

(ii) Find the equation of the curve. ) [4 |
yed R&/ (%
N
) .~

o 1 ‘.q - \O/‘)

% 4
The -dlagram shows the curve y = 3x*. The shaded region is bounded by the curve, the x-axis and
the lines x = 1 and x = 4. Find the volume of the solid obtained when this shaded region is rotated
[4]

completely about the x-axis, giving your answer in terms of 7.
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-

(1. 18)
P
(4.3)
o I L6 —
Th.e diagram shows a curve for which Y ._f., where kis 2 constant. The curvé passes through the
points (1, 18) and (4, 3). X
: ) 16
(i) Show, by integration, that the equation of the curve isy=32 +2. 1)
The point P lies on the curve and has x-coordinaté 1.6.
(ii) Find the area of the shaded region. o
A 6
[¢)
The diagram shows part of the curve ¥y = 377"
(i) Find the gradient of the curve at the point where x = 2. (3]
(i) Find the volume obtained when the shaded region is rotated through 360° about m%nxis, giving
ur answer in tems of 7. @ (5]

yo
¥
A @
‘ @

&'-
&
\a
&

. _ :
a . .y ;
ram shows part of the curve y = 7 where a 1\:1%%@ constant. Given that the volume
out the x-axis is 247, find the value of a.

[4]

The diag
the shaded region is rotated throu gh 1@1

obtained when
@.
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10 Jr
The diagram shows part of the curve y = 4y/x —x. The curve has a maximum point at z¢ and me
the x-axis at O and A. G
(i) Find the coordinates of A and M. 5
(i) Find the volume obtained when the shaded region is rotated through 360° about the x-axis, Zivin
Your answer in terms of 7. [6!‘

11 M

y-—.q’-‘-ﬁx—lﬂ

x

The diagram shows part of the curve y = —x” + 8x — 10 which passes through the points A and B. The
curve has a maximum point at A and the gradient of the line BA is 2.

(i) Find the coordinates of A and B. 7]
(ii) Find f ydx and hence evaluate the area of the shaded region. [4]
12 The volume of a solid circular cylinder of radius rcm is 250r cm’.

(1) Show that the total surface area, S cm?’, of the cylinder is given by
500

S=2nr+ 2]
(i) Given that r can vary, find the stationary value of S. [4]
(iif) Determine the nature of this stationary value. [2]
13 2.

. : dy : .
The equation of a curve is such that — = 2x - 1. Given that the curve has a minimum point at

—

(3, —10), find the coordinates of the maximum point. [8]
14 The equation of a curve is y = —.
q ) Tl

(1) Find, showing all necessary working, the volume obtained when the region bounded by the
curve, the x-axis and the lines x = | and x = 2 is rotated through 360° about the x-axis. [4]

(i) Given that the line 2y = x + ¢ is a normal to the curve, find the possible values of the constzmt[ 66']
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15 Acurve i dy 8
15 such that == = Given that the curve passes through (2. 7). find the equation of

dx m
(4]
gh the point (4, 11).

the curve.

The gradient at any point (x, ) on a curve is (1 + 2¢). The curve P throu

16 Find
(1) the equation of the curve, 4]
7 (if) the point at which the curve intersects the y-axis. 21
A curve is such that gf—r = 3% — 4x + 1. The curve passes through the point (1,3)-
(i) Find the equation of the curve. 13]
18 (i) Find the set of values of x for which the gradient of the cUTV® is positive. (3]

and P(3,3)is2 point on the curve.

A curve is such Lhal
dr ~ Y(4x-3)
cwer in the form ax+by=¢c-

(1) Find the equation of the normal to the curve at P, giving your an 3]
1) Fi ; (4]
(1) Find the equation of the curve.
19 dy 16 I
A curve is such that e ==, and (1, 4) is a point on the curve.
.
[4]

(1) Find the equation of the curve.
OI'maL Bi“'ing }'OUr

(i) A line with gradient —3 is a normal to the curve. Find the equation of this 1 :
answer in the form a.x+ by e. :
(tit) Find the area of the region enclosed by the curve, the x-axis and the lines X = 1 andx=2. [4
. dy 16
19 Acurvels such that — i — ;—- and (1, 4)isa point on the curve. %
@ [4]

(i) Find the equation of the curve.
[4]

— is a norm

‘V
al to the curve. Find the equation of@:é&hﬂ fmal, giving your
&

(i) A line with gradient —3

answer in the form ax + by
: o oxi (O s x = 2 [4
(ii) Find the area of the region enclosed by the curve, the x-axis and t jmcs x=1and X == [4]

20 : &
(3D K’}\HS:

[ «g@

@>

_Q;ghl(:h crosses the x-axis at the points O (0, 0).

—ls

The diagram shows the curve y = x(x — 1)(x—
A (1, 0) and B(2, 0)- Q
B meet at the point C. Find the x-coordinate of [ P
[5]

(i) The tangents to the curve at the points A and

(if) Show by integration that the area of the shaded region R, is the same a5 the area of the shaded
[4]

region R,.
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22

23

24

i
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A curve is such that El_. = 4 - x and the point P (2, 9) lies on the curve. The norma] ¢, the

meets the curve again al Q. Find Nl
(i) the equation of the curve,

(ii) the equation of the normal to the curve at P,

(i) the coordinates of Q.
) y=v3x+ 1)

=X

atp

[3)
[3)
(3]

The diagram shows the curve y = y/(3x + 1) and the points P (0, 1) and @ (1, 2) on the curve. T

shaded region is bounded by the curve, the y-axis and the line y = 2.

(i) Find the area of the shaded region.

[4]

(if) Find the volume obtained when the shaded region is rotated through 360° about the x-axis. [4]

Tangents are drawn to the curve at the points P and Q.

(iif) Find the acute angle, in degrees correct to 1 decimal place, between the two tangents. [4]
dy

The equation of a curve is such that —J = \7—— —x. Given that the curve passes through the point (4, 6)

A L]

[4]

find the equation of the curve.

A curve is such that —
dx x2
curve. Given that the x-coordinate of P is positive, find

(i) the coordinates of P,

(ii) the equation of the curve.

v s

IR
Bl e
ST

dy =85~ =§; The line 3y + x = 17 is the normal to the curve at the point P on the

[4]
[4]

The diagram shows part of the curve y = 2_4'9;-_3 crossing the y-axis at the point B (0, 3). The point

A on the curve has coordinates (3, 1) and the tangent to the curve at A crosses the y-axis at C.

(i) Find the equation of the tangent to the curve at A.

(i) Determine, showing all necessary working, whether C is nearer to B or to O.

rotated through 360° about the x-axis.

[4]
[1]

is

(iif) Find, showing all necessary working, the exact volume obtained when the shaded reg‘°"[4]
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Angwers

iz (D)

3 bl

2 9
3 (I) )Iﬂzx‘_g

2
) yegeesess
5 (i)(-'-g—. ’—f—] (i) y=16-4/6-2x
6 r42.ﬂ' CubCLlnitS

(ii) +7.2 units*
o -3 (0 9x it

9

o (i) Aare 060 M are 4. 4) (i) 136757

11 (i) Al4. 6)B(2.2) (i) 9-_%- sq.units

12 (i 471 cm? (if): stationary value is a minimum
;3 (-2. 102

14 (I] 16 - ynits’ (ii} c=% St ,.__g,-

3
4 4
15 Femgs
l .
16 (i)y=%£1+2x)1 +2 (i) (n_ %J

17 {i]y:f—?.f%—.r%-s (ii) .\--s?;— or x>1

18 (i) 2y+x=9 (ii) y=3J(4x-3) -6

19 (i) o= 12 {ii) ,z+2y=22('|ii)85q.urﬁu

-y

e R
20 (i) xcoordinate of C 15 £ (i) 2
2 () y=tx-5+3 (i) 2y +x=20 (i) (- 65)
=19.4°

4 ITEs
22 () 9 (i) -2or units? (iii) . @

a2

Pl

b3 | —

23 y=b

2w ()@n (i) peserr=?

25 (i) 2x+9p=13 (ii) € is nearer to g. (iii) 9« units’




